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Abstract—Multi-agent reinforcement learning (MARL) requires
effective coordination among multiple decision-making agents to
achieve joint goals. Approaches based on a global value function
face the curse of dimensionality, while fully decomposed centralized
training with decentralized execution (CTDE) methods often suffer
from relative overgeneralization. Coordination graphs mitigate this
issue but typically fail to capture dynamic collaboration patterns
that evolve over time and across tasks. We propose Dynamic Deep
Factor Graphs (DDFG), a value decomposition algorithm that
represents the global value via factor graphs and learns graph
structures on the fly through a graph-generation policy, adapting
to evolving inter-agent relations. We provide a theoretical upper
bound on the approximation error of high-order decompositions
and reveal how the maximum order D trades off accuracy against
computation, offering guidance for balancing performance and
cost. Using max-sum for inference, DDFG efficiently derives joint
policies. Experiments on higher-order predator–prey and SMAC
show consistent gains over strong value-decomposition baselines,
demonstrating improved sample efficiency and robustness in com-
plex settings.

Index Terms—Dynamic graph, factor graph, multi-agent
reinforcement learning (MARL), relative overgeneralization,
dynamic collaboration.

I. INTRODUCTION

COLLABORATIVE multi-agent systems have become in-
creasingly relevant across a broad spectrum of real-world

scenarios, encompassing areas such as autonomous vehicular
navigation [1], collective robotic decision-making [2], and dis-
tributed sensor networks. In this context, Reinforcement Learn-
ing (RL) has demonstrated remarkable efficacy in tackling a
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diverse range of collaborative multi-agent challenges. Notably,
intricate tasks such as the coordination of robotic swarms and the
automation of vehicular control are often conceptualized within
the framework of Collaborative Multi-Agent Reinforcement
Learning (MARL) [3].

Addressing these complex tasks frequently necessitates the
disaggregation of either the agents’ policy mechanisms or their
value functions. Within the domain of policy-based method-
ologies, Multi-Agent Deep Deterministic Policy Gradient
(MADDPG) [4] has been recognized for its ability to learn
distributed policies tailored to continuous action spaces. Multi-
Agent Proximal Policy Optimization (MAPPO) [5] achieves bet-
ter performance than MADDPG by extending Proximal Policy
Optimization (PPO) [6] to multi-agent scenarios. Meanwhile,
Decomposed Off-Policy Policy Gradient (DOP) [7] introduces
the idea of value function decomposition into the Actor-Critic
framework, addressing the credit assignment problem in both
discrete and continuous action spaces. On the spectrum of
value function-based approaches, Value Decomposition Net-
works (VDN) [8] pioneer the decomposition of the collective
action-value function into an aggregation of individual action-
value functions. Furthering this paradigm, QMIX [9] innovates
by conceptualizing the collective action-value function through
a monotonic function, thereby enhancing the representational
capacity of the system.

However, in the realm of collaborative multi-agent systems,
methodologies often grapple with a game-theoretic compli-
cation known as relative overgeneralization, a phenomenon
where the punitive consequences for non-collaboration amongst
agents overshadow the rewards for cooperative engagement,
culminating in less-than-optimal performance outcomes [10].
To mitigate this issue, QTRAN [11] ameliorates the constraints
on value function decomposition inherent in QMIX by intro-
ducing the Individual-Global-Max (IGM) condition and devis-
ing two soft regularization methods aimed at fine-tuning the
action selection process to balance between joint and indi-
vidual value functions. Subsequently, QPLEX [12] advances
this concept by proposing an enhanced IGM that parallels the
original in importance and incorporates the Dueling architecture
to further refine the decomposition of the joint value func-
tion. Meanwhile, Weighted QMIX (WQMIX) [13] transitions
from “monotonic” to “non-monotonic” value functions through
the introduction of a weighted operator, addressing the lim-
itations of monotonicity constraints. Despite these advance-
ments, the stated algorithms occasionally falter in identifying the
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globally optimal solution due to the inherent constraints of value
decomposition.

The Coordination Graph (CG) framework [14] presents a
viable alternative that preserves the benefits of value function
decomposition while simultaneously addressing the issue of
relative overgeneralization. Within this framework, agents and
the synergistic gains from their interactions are represented as
vertices and edges, respectively, in a graph structured according
to the joint action-observation space. Deep Coordination Graphs
(DCG) [15] approximate these gain functions using deep neural
networks and disseminate the derived value functions across the
graph [16] via a message-passing algorithm. The fixed structure
of coordination graphs in DCG limits their applicability to
diverse real-world scenarios. NL-CG [17] attempts to extend
CG to nonlinear scenarios, while SOPCG [18] and CASEC [19]
enhance the representational capacity by constructing sparse
coordination graph structures. The Deep Implicit Coordina-
tion Graph (DICG) [20] differs from the aforementioned CG-
based methods in that it represents message passing through
Graph Convolutional Networks (GCN) [21] instead of using
the maximum-sum algorithm on the CG. DICG integrates an
attention mechanism within the GCN, thereby introducing an
implicit framework for the coordination graph. Whether using
the coordination graph framework explicitly or implicitly, these
methods are still constrained by the inherent limitations of
the coordination graph structure, especially when dealing with
complex coordination relationships.

To surmount these limitations, this paper introduces a novel
value decomposition algorithm termed the Dynamic Deep Fac-
tor Graph (DDFG), which leverages factor graphs [22] for
the decomposition of the global value function into a sum of
local value functions of arbitrary order, thereby offering a more
robust characterization capability than coordination graphs. Dis-
tinctly, DDFG eschews predefined graph structures in favor
of dynamically generated graphs that accurately represent the
collaborative relationships among agents, based on real-time
observations processed through neural networks. This paper
defines the graph generation policy as a quasi-multinomial dis-
tribution and provides relevant theoretical proofs. Following the
idea of probability modeling from the PPO [6], we constructed
a networked graph policy over a quasi-multinomial distribution
to generate dynamic factor graph structures in various scenarios.
The adaptability of the graph structure is further enhanced by the
application of the message-passing algorithm [23], optimizing
the learning of agents’ policies and the representational effi-
ciency of value function decomposition.

The core contributions of our study are delineated as follows:
1) Canonical Polyadic (CP) Decomposition-based Factor

Graph Value Function Network. We leverage factor graphs
to decompose the global value functions into a sum of
higher-order local value functions, augmented by tensor-
based CP decomposition [24], [25]. This approach, an
extension of the matrix low-rank approximation, signif-
icantly reduces parameter count and increases update fre-
quency by decomposing higher-order value functions into
the outer products of rank-one tensors. Concurrently, we
theoretically prove the error upper bound of the global

value function under the aforementioned decomposition.
We uncover the relationship between the maximum order
D and the error upper bound, which highlights the trade-
off between model accuracy and computational cost.

2) Graph Structure Generation Policy. We propose a new
graph structure generation policy, defined as a quasi-
multinomial distribution. It is analogous to agent policies,
for generating real-time, variable factor graph structures
through probabilistic modeling, akin to the Proximal Pol-
icy Optimization (PPO) algorithm. This policy facilitates
the depiction of agent collaboration, employing a neural
network that processes agents’ observations to generate
dynamic graph structures. We have presented the Policy
improvement lower bound for the graph policy and derived
the loss for the graph policy, thereby providing a theoret-
ical foundation for its optimization and convergence.

3) Dynamic Deep Factor Graph-Based MARL Algorithm.
The DDFG algorithm, leveraging factor graphs over coor-
dination graphs, addresses the pitfall of relative overgen-
eralization by providing a more versatile decomposition
approach and generating dynamic factor graph structures
to enhance expressive power. Through the application
of factor graph message passing algorithms to various
graph structures, DDFG facilitates the learning of agents’
policies. Comparative analysis with contemporary MARL
methodologies within the experimental section showcases
DDFG’s efficacy in complex scenarios such as high-order
predator-prey and SMAC tasks.

The rest of this paper is organized as follows. Section II
introduces the definition of factor graphs and Markov deci-
sion processes based on factor graphs. Section III presents the
proposed Dynamic Deep Factor Graph algorithm. Section IV
presents the composition of algorithm related loss functions.
The simulation results and corresponding analysis are given in
Section V. In Section VI, we conclude this paper.

II. BACKGROUND

A. FG-POMDP

A factor graph G is defined by a set of variable nodes V ,
a set of factor nodes F , and a set of undirected edges E .
We correspond intelligent agents with variable nodes; If the
local value function corresponds to a factor node, then a factor
graph can represent a decomposition form of the global value
function. Define the adjacency matrix of the factor graph at
each time t as At and add it to POMDP, proposing a factor
graph based POMDP, namely FG-POMDP. FG-POMDP con-
sists of a tuple < n, S,A,U , R, P, {Oi}ni=1, γ > [26]. Here,
n represents the number of agents, S describes the true state
of the environment, and U i ∈ U denotes the set of discrete
actions available to agent i. At discrete time t, At ∈ A is
the dynamic factor graph structure in real-time. We denote it
by the adjacency matrix At ∈ {0, 1}n×m, where m denotes
the number of factor nodes. The next state st+1 ∈ S is ob-
tained from the transfer probability st+1 ∼ P (· | st,ut) with
st+1 ∈ S and ut ∈ U := U1 × · · · × Un as conditions. Each
agent shares the same reward rt := r(st,ut) at moment t and
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γ ∈ [0, 1) denotes the discount factor. Due to partial observabil-
ity, at moment t, the individual observations oit ∈ Oi of each
agent, the history of observations oit and actions uit of agent
i are represented as τ it := (oi0, u

i
0, o

i
1, . . . , o

i
t−1, u

i
t−1, o

i
t) ∈

(Oi × U i)t ×Oi. Without loss of generality, the trajectory of
the task in this paper is denoted asT = (s0, {oi0}ni=1, A0,u0, r0,
. . . , sT , {oiT }ni=1), where T is the task length.

FG-POMDP modifies the decision process by introducing a
time-varying structural variable At (the factor-graph adja-
cency matrix) into the model’s tuple. Concretely, At conditions
both (i) the value decomposition of the joint action-value into
local factors Qj (and their inputs) and (ii) the max-sum mes-
sage passing used for joint action selection. Thus, the learned
structure directly shapes the agent-wise messages and, in turn,
the selected joint action ut; the policy is a function of (τt, At),
not merely τt.

Collaborative MARL aims to find the optimal policy π :
S × U → [0, 1] that selects joint actions ut ∈ U maximizing
the expected discounted sum of future rewards, achieved by
estimating the optimal Q-value function. The optimal policy
π greedily selects actions u ∈ U that maximize the corre-
sponding optimal Q-value function. However, when facing large
joint action spaces, deep neural networks with θ parameters,
such as DQN [27] and Double-DQN [28], may struggle to
approximate the optimal Q-value function Qθ. To address this
issue, various value decomposition algorithms have been pro-
posed to perform Q-learning in MARL efficiently. We describe
these value decomposition algorithms(VDN [8], QMIX [9],
WQMIX [13], QTRAN [11], QPLEX [12], DCG [15],
SOPCG [18], CASEC [19], MAPPO [5]) in Appendix Section
A, available online.

The learned policy cannot depend on the state st in a partially
observable environment. Therefore, the Q-value function Qθ
is conditioned on the agent’s observation-action history τ t :=
{τ it}ni=1, which can be approximated asQθ := Qθ(u | τ t) [29].
To achieve this, the agent’s observation ot := (o1t , . . . , o

n
t ) and

previous action ut−1 are fed into an RNN network, such as a
GRU, to obtain the hidden state ht := hψ(· | ht−1,ot,ut−1),
where h0 = 0. The Q-value function Qθ is then conditioned on
the hidden state ht, i.e., Qθ := Qθ(u | ht).

B. Factor Graph

A factor graph G = 〈V, F, E〉 [22] is defined by the set of
variable nodes V , the set of factor nodes F and the set of undi-
rected edges E . Factor graphs are bipartite graphs represented as
factorizations of global functions. Each variable node vi ∈ V in
the factor graph corresponds to a variable. Similarly, each factor
node fj ∈ F corresponds to a local function after the global
function decomposition and is connected by an edge E to the
variable node vi and the factor node fj when and only when
vi is an argument of fj . A factor graph with n variable nodes
and m function nodes has a binary adjacency matrix defined as
A ∈ {0, 1}n×m.

In multi-agent reinforcement learning (MARL), agents are
regarded as variable nodes, and the value functions of the agents
serve as factor nodes. The factor graph G decomposes the

Fig. 1. Visualization of the factor graph Q(τ ,u) =
∑

j∈J Qj(u
j | τ ).

global value function Q(τ ,u) into a sum of several local value
functions [30], and the decomposition relations are given by the
adjacency matrix A. Each variable node vi ∈ V represents an
agent i. Each factor node fj ∈ F is equivalent to a local value
function Qj , where n(Qj) denotes the set of all variable nodes
connected to Qj , i.e., i, j ∈ E . In the remainder of the paper,
all factor nodes previously denoted by fj will be replaced with
Qj for clarity. Qj denotes the joint value function of all agents
i ∈ n(Qj). The factor graph G (as shown in Fig. 1) represents
the joint value function.

Q(τ ,u) =
∑
j∈J

Qj

(
{vi}{i,j}∈E

)

=
∑
j∈J

Qj
(
uj | τ

)
(1)

whereJ is the set of factor nodes anduj ∈
∏
i∈n(Qj) U i denotes

the joint action of all agents.

III. METHOD

As depicted in Fig. 2, the network structure of DDFG com-
prises three main components: the graph policy, responsible for
generating the graph structure, the Q-value function network,
and the max-sum algorithm. First, we obtain the agent’s hidden
state hit through a shared RNN network. Both the graph policy
and the Q-value function network sharehit, but the RNN network
only updates jointly with the Q-value function network. The
graph policy takes hit as input and outputs a real-time factor
graph structure At based on ot = CONCAT [o1t , o

2
t , . . ., o

N
t ].

Meanwhile, the Q-value function network receives hit and At
as inputs and generates the local value function Qj . Finally,
the max-sum algorithm is utilized to compute the local value
function Qj and obtain the action and global value functions of
the agent.

A. Q-Value Function Network

Given a known policy for generating graph structures ρ (ex-
plained in Section III-C), at time t, we use At ∼ ρ to represent
the higher-order decomposition of the global value function
Q(τ t,ut). Simultaneously, using the adjacency matrix At, we
represent the local value function Qj(τ t,u

j
t ) as a network

parameterized by θj . The joint value function, represented by
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Fig. 2. The algorithmic framework of DDFG. (a) The network structure of Q-value function (Section III-A). (b) The overall architecture of DDFG (Section III).
(c) The network structure of graph structure generation policy (Section III-C).

the factor graph G, is given by

Q(τ t,ut, At) =
∑
j∈J

Qj

(
ujt | τ t; θj

)
(2)

where J is the set of factor nodes, and ujt denotes the joint
action of all agents at time t.

DCG uses a deep network to learn the coordination graph’s
utility and payoff functions. Similarly, DDFG extends DCG to
factor graphs by learning the functions corresponding to the
factor nodes in the factor graph through a deep network. We
define the “order” of the value function Qj as D(j), which rep-
resents the number of agent j’s connections. The order of these
value functions can exceed the maximum 2in the coordination
graph, making the value function decomposition network more
representable. We present the design principles for the Q-value
function network of the DDFG as follows:

a) The local value function Qj accepts only the local infor-
mation of the agent i ∈ n(Qj).

b) Adopt a common recurrent neural network sharing param-
eters across all agents (yellow part in Fig. 2).

c) Employing a common fully connected neural network
sharing parameters on a local value function Qj of the
same order D(j) (blue part in Fig. 2).

d) Use tensor-based Canonical Polyadic (CP) decomposition
for the local value function Qj of D(j) ≥ 2.

e) Allowing generalization to different factor graph struc-
tures.

According to principle a), the local value function
Qj(u

j
t | τ t; θj) = Qj(u

j
t | τ jt ; θj), where τ jt denotes the joint

observation-action history of all agents i ∈ n(Qj). Based on

principle b), all agents share parameters using a recurrent neu-
ral network (RNN) with generic architecture, denoted as hit =
hψ(· | hit−1, o

i
t, u

i
t−1). This RNN is initialized with hi0 = hψ(· |

0, oi0,0). According to principle c), the local value function
Qj(u

j
t | τ jt ; θj) can be approximated as Qj(u

j
t | hjt ; θD(j)),

where all local value functions of order D(j) share the pa-
rameter θD(j), improving operational efficiency. The local

value functions are spliced together using the matrix hjt =
CONCATi∈n(Qj)h

i
t.

The size
∏D(j)
i=1 |U i| of the joint action space involved in the

local value function Qj grows exponentially with the order
D(j). Since only executed action pairs are updated during
Q-learning, the parameters of many outputs remain constant for
a long time while the underlying RNN network is continuously
updated. This can slow down the training speed and affect the
message delivery. To reduce the number of parameters and
increase the frequency of their updates, we extend the low-rank
approximation of matrices in DCG [15] and propose to use the
Canonical Polyadic (CP) decomposition of the tensor [24], [25]
to approximate the value function Qj . The CP decomposition
of Qj of rank K is defined by:

Qj

(
·|hjt ; θD(j)

)
:=

K∑
k=1

(fk

(
·|hjt ; θ1D(j)

)

⊗ fk

(
·|hjt ; θ2D(j)

)
⊗ · · · ⊗ fk

(
·|hjt ; θ

D(j)
D(j)

))
(3)

where ⊗ is the outer product.
To approximate the value function in our reinforcement learn-

ing model, we use a network of local value functions with
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parameters {θdD(j)}
D(j)
d=1 and outputD(j)K|U i|, ∀i ∈ n(Qj) (as

described in (3). The tensor rank is determined by balancing the
approximation’s accuracy against the parameter learning speed.

However, as the adjacency matrix At changes in real time,
the value of the global value function becomes unstable. To
address this, we fix all local value functions by setting D(j) =
1, which yields the global value function Q(τ t,ut) plus the
VDN decomposition expressed as Qvdn. This results in a new
adjacency matrixAt

′ = CONCAT [At, In]. In is defined as an
n× n identity matrix. The final global value function is then
given by:

Qtot(τ t,ut, At; θ, ψ) = Q(τ t,ut) +Qvdn

=
∑
j∈J

1∣∣JD(j)

∣∣Qj(ujt | hjt ; θD(j))+
1

n

n∑
i=1

Qi
(
uit | hit; θD(1)

)
(4)

B. Theoretical Analysis of Value Function Decomposition and
Approximation

In this section, we approach the decomposition of the global
value function from a different perspective. Theoretically, we
prove the error upper bound of the global value function decom-
position and reveal the potential relationship between the error
upper bound and the maximum decomposition order D of the
value function.

In Section III-A, we define the decomposition of the global
value function Qtot using factor graphs, and the final decom-
posed form is given by (4). When we examine the decompo-
sition form of (4) from a different perspective and arrange the
local value function Qj in ascending order of their orders, (4)
transforms into:

Qtot(τ t,ut) = f0 +
1

n

n∑
i=1

Qi(u
i
t|hit)

+
1

|J2|
∑
j∈J2

Qj(u
j
t |hjt ) + · · ·+Qn(ut|ht) (5)

where f0 is a constant, n is the number of agents, Jd = {j|j ∈
J and D(j) = d} denotes the set of local value functions Qj
with order d.

In Section III-A, we use the CP decomposition of tensors to
approximate the local value function Qj . Substituting (3) into
(5), we obtain:

Qtot(τ t,ut) = f0 +
1

n

n∑
i=1

Qi(u
i
t|hit)

+
1

|J2|
∑
j∈J2

K2∑
k=1

2∏
i=1

Q̄i(u
i
t|hit) + · · ·+

Kn∑
k=1

n∏
i=1

Q̄i(u
i
t|hit)

(6)

where Kd denotes the rank of the d-order local value function.
Q̄i corresponds to the value of each fk(·|θiD(j)) in (3) when

the action uit is taken, which can be regarded as the value
of the marginal density function of the local value function
corresponding to the agent i.

Subsequently, we can represent the global value functionQtot
as a Scalable Polynomial Additive Models (SPAM) [31]. SPAM
is an extension of Generalized Additive Models (GAM) [32],
which leverages the tensor rank decomposition of polynomials
to learn powerful and inherently interpretable models.

Qtot(τ t,ut) = f0 +
1

n

n∑
i=1

〈
w1(u

i
t), h

i
t

〉

+
1

|J2|
∑
j∈J2

K2∑
k=1

λ2k

2∏
i=1

〈
w2k(u

i
t), h

i
t

〉
+ · · ·

+

Kn∑
k=1

λnk

n∏
i=1

〈
wnk(u

i
t), h

i
t

〉
(7)

where λdk denotes the eigenvalues corresponding to different
ranks after tensor decomposition of the local value function of
order d. wdk denotes the trainable parameters of each network
fk(·|θid).

We present an assumption regarding the decay of eigenvalues
and a lemma. Through Proposition 2 in SPAM [31] and the above
content, we derive the error upper bound for the decomposition
of the global value function.

Assumption 1. (γ-Exponential Decay): For the eigenvalue
λdk corresponding to the local value function Qj in (7), it is
assumed to follow γ-exponential decay, that is, there exists
an absolute constant C1 < 1 and C2 = O(1), such that λdk
decays exponentially with the increase of the rank k: |λdk| ≤
C1 · exp(−C2 · kγ)

Lemma 1. (The Lipschitz condition for MSE loss): A loss
function L(f(x), y) is the MSE loss, and f(x) ∈ [−C/2, C/2],
then L(f(x), y) be 2C-Lipschitz.

Detailed proof of lemma 1 can be found in Appendix Section
C, available online. Through the above assumptions and lemmas,
we can derive the error upper bound for the decomposition of the
global value functionQtot under the L2 regularized models(see
Appendix Section C), available online.

Theorem 1: Let L be 2CQ − Lipschitz, δ ∈ (0, 1], and
Assumption 1 hold with constants {C1, C2, γ}. The general-
ization error for the optimal global value function Q�tot be
E(Q�tot) and the generalization error for the empirical risk

minimizer ̂QD,Ktot be E(̂QD,Ktot ) with K = {Kd}Dd=1. Then, we
have for L2−regularized ERM, where ‖wdk(uit)‖2 ≤ Bw,2,
1 ≤ d ≤ D, Bh,2 = suph‖Q̄i‖2, and ‖λ‖2 ≤ Bλ,2 where λ =

{{λdk}Kdk=1}Dd=1, with probability at least 1− δ,

E(̂QD,Ktot )− E(Q�tot) ≤ 4CQBλ,2Bh,2

D∑
d=1

(
(Bw,2)

d

√
Kd

ns

)

+

n∑
d=D+1

C1

C2
exp (−(Kd + 1)γ)

+
(
2(CQ)

2 + CQ

)√2 log(4/δ)

ns
(8)
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where ns denotes the number of samples,Kd denotes the tensor
rank for each order d.

In Section III-A, we decompose the local value functions of
the same order d into the outer products of rank-one tensors.
In this paper, however, our focus is not on the rank size for the
same order, but rather on the selection of the maximum order
D in the decomposition of the global value function. Therefore,
we set Kd (the tensor rank) for all orders d to a constant CK .
Under these circumstances, the error upper bound becomes:

E(̂QDtot)− E(Q�tot)

≤ Cfinal1 ·
(Bw,2)

D − 1

Bw,2 − 1
− Cfinal2 ·D + Cfinal3 (9)

where Cfinal1 = 4CQBλ,2Bh,2Bw,2

√
CK
ns

, Cfinal2 = C1

C2
exp

(−(CK + 1)γ), Cfinal3 = (2(CQ)
2 + CQ)

√
2 log(4/δ)

ns
+ C1

C2

exp(−(CK + 1)γ)(n− 1).
Eq. (9) reveals the relationship between the error upper bound

and the maximum orderD of the value function decomposition,
which highlights the trade-off between computational cost and
model accuracy. As D increases, the complexity of the model
(the first term in (9)) increases, which means higher computa-
tional cost, while the approximation error (the second term in
(9)) decreases. This indicates that selecting a moderate D can
effectively reduce the error and improve the algorithm perfor-
mance. The related experiments will be presented in Appendix
Section D, available online.

C. Graph Structure Generation Policy

At each time step, we represent the graph policy as ρ(At | τ t).
With the graph policy ρ, we can obtain the adjacency matrix
At ∼ ρ. As described in Section III-A, the decomposition of
a global value function is associated with At. However, the
decomposition of the global value function should not be static,
and the collaborative relationship among the agents should be
dynamic when facing different environmental states. While the
factor graph can decompose the global value function, its de-
composition corresponds to a fixed adjacency matrix. Similarly,
DCG decomposes the global value function into a fixed, fully
connected structure. Therefore, this section proposes a graph
policyρ that can dynamically generate real-time graph structures
that represent the changing collaborative relationships among
agents.

We propose a graph policy ρ that can dynamically generate
real-time graph structures to address this issue. We represent
the graph policy ρ(At | τ t) = ρ(At | τ t;ϕ) using a network
parameterized by ϕ. The graph policy network shares the
same RNN network as the Q-value function network but does
not participate in the parameter update. We use hit = hψ(· |
hit−1, o

i
t, u

i
t−1) as the input of the graph policy network. To better

represent the global relationships of all agents, we use the global
states st as the input of the hypernetwork to obtain the parameters
of the graph policy network. We refer to the network structure
design of QMIX and train the weights W of the hypernetwork

without absolute value restrictions to obtain more information
in ot.

We employ a two-layer hypernetwork and incorporate a fully
connected layer as an action layer to initialize the probability of
each edge equally. Subsequently, we apply a softmax activation
function to process the output of the graph structured network,
constraining the output between 0 and 1, in order to derive the
probability of edge connections corresponding to the adjacency
matrix At. Specifically, the graph policy ρ(At | τ t) outputs a
matrix P (At) = {aij}N×M , representing the probabilities of
edge connections corresponding to the adjacency matrix At,
where N is the number of intelligent agents (variable nodes),
M is the number of local value functions (factor nodes), and
aij represents the probability of connection between the ith
intelligent agent and the jth local value function (

∑N
i=0 aij = 1).

For each local value function Qj , the probability distribution of
its connections with all N agents is defined as a multinomial
distribution.

Definition 1: In the graph policy ρ(At | τt), for each local
value function Qj , randomly Variable X = (X1, X2, . . . , XN )
represents the number of connections betweenQj and N agents,
where Xi represents the number of times the ith agent is con-
nected to Qj . X satisfies:

1) Xi ≥ 0(1 ≤ i ≤ N), andX1 +X2 + · · ·+XN = m,m
is the total number of connections between Qj and N
agents;

2) Let m1,m2, . . . ,mN be any non-negative integer, and
m1 +m2 + · · ·+mN = m, then the probability of event
{X1 = m1, X2 = m2, . . . , XN = mN} occurring is:

P {X1 = m1, X2 = m2, . . . , XN = mN}

=
m!

m1!m2! · · ·mN !
p1
m1p2

m2 · · · pNmN (10)

where pi ≥ 0(1 ≤ i ≤ N), p1 + p2 + · · ·+ pN = 1.
ThenX conforms to the multinomial distribution, that is,X ∼

Pm(m : p1, p2, . . . , pN ).
Proposition 1: In the graph-generation policy ρ(At | τ t), for

each local value function Qj , let X ∼ PD(D : p1, p2, . . . , pN )
be the random variable denoting the number of all agents con-
nected to Qj . Then the algorithm’s maximum factor order is D.

Proposition 2: In the graph policy ρ(At | τ t), for each local
value function Qj , when The number of times it is connected
to N agents corresponds to a random variable X ∼ PD(D :
p1, p2, . . . , pN ), then eachQj corresponds to “sub-policy” con-
forms to a quasi-multinomial distribution, that is, ρ(Qj) ∼
P̃D(D : p1, p2, . . . , pN ).

Detailed proof of Propositions 1 and 2 can be found in
Appendix Section C, available online. Through the above defini-
tions and inferences, we represent the graph structure generation
policy as a a quasi-multinomial distribution, and train it with a
neural network. Meanwhile, it can be concluded that by setting
the maximum order D of the graph policy network, the factor
graph can represent all collaborative relationships of less than
or equal to D agents.

Next, we present the Policy improvement lower bound [33],
[34] for the graph policy ρ, which provides the theoretical
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foundation for learning ρ. As shown later, this bound implies
that by maximizing it, we can guarantee policy improvement at
each step of the learning process.

Theorem 2. (Graph Policy Improvement Lower Bound): Con-
sider the behavior (trajectory-collecting) graph policy ρold. For
the current graph policy ρnew that we need to improve, we have

J(ρnew)− J(ρold) ≥
1

1− γ
E

s∼DΠold

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]

− CΠγ

(1− γ)2
E

(s,A)∼DΠold

[∣∣∣∣ρnew(A|s)ρold(A|s)
− 1

∣∣∣∣
]

(11)

where J denotes the objective function optimized in reinforce-

ment learning, CΠ = max
s∈S

∣∣∣∣∣∣ E
A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]

∣∣∣∣∣∣, Π =

ρ(A|s)π(u|s,A) denotes the joint policy of all agent policies.
Detailed proof of Theorem 2 can be found in Appendix

Section C, available online. We refer to the first term in the
lower bound of Theorem 2 as the surrogate objective (SO), and
to the second term as the penalty term (PT). It should be noted
that, during policy improvement, as long as the lower bound of
each update is positive, the new graph policy is guaranteed to
outperform the old one.

To ensure that the lower bound of each policy improvement
step remains positive, we need to guarantee that SO > PT . In
this case, the SO should be maximized while constraining the
size of the PT. Maximizing SO can be reduced to maximizing
the objective J (18) in Section IV-B. At the same time, (23) in
Section IV-B is used to bound PT so that the graph policy can be
effectively improved. Taken together, this proof and the loss
derivation for the graph policy in Section IV-B provide the
theoretical basis for the optimization and convergence of the
graph policy ρ.

D. Max-Sum Algorithm

In the previous section, we obtained the local value functions
using the Q-value function network. In this section, we will
demonstrate how to use the max-sum algorithm [30], [35] on
factor graphs to obtain the final action for each agent.

First, we obtain the adjacency matrix At from the graph
structure generation policy ρ and concatenate it with In to form
At

′. To facilitate the derivation, we consider all factor nodes
represented by At

′ as a single entity. Then, the action selection
process aims to solve the following problem(See appendix C for
detailed derivation), available online:

u∗
t = argmax

ut

Qtot(τ t,ut, At; θ, ψ)

= argmax
(u1,...,un)

⎛
⎝∑
j∈J ′

Qj

(
{vi}{i,j}∈E′

)⎞⎠ (12)

where J ′ = J
⋃
{m+ i}ni=1, E′ = E

⋃
{{i, j} | 1 ≤ i ≤ n,

j = j + 1(j = 1 ∼ n)}.

In illustrating the max-sum algorithm for factor graphs, we
will omit moment t’s representation. The max-sum algorithm
for factor graphs consists of two types of messages. Let N(x)
denote the set of neighbors of node x. The message sent from
the variable node vi to the factor node Qj is:

μvi→Qj (vi) =
∑

Qk∈N(vi)\{Qj}
μQk→vi(vi) + cvi→Qj (13)

where N(vi)\{Qj} denotes the set of nodes in N(vi) except
Qj , and cvi→Qj is the normalization term.

The message sent from the factor nodeQp to the variable node
vl is:

μQp→vl(vl) = max
vp\vl

⎛
⎝Qp(vp)

+
∑

vk∈N(Qp)\{vl}
μvk→Qp(vk)

⎞
⎠+ cQp→vl

(14)

where vp\vl denotes the parameters in the local function Qp
except vl, and cQp→vl is the normalization term. The agent
continuously sends, accepts, and recomputes messages until
the values of the messages converge. After convergence, the
behavior of the agent is given by the following equation:

u∗ =

⎡
⎣argmax

ui

∑
Qk∈N(vi)

μQk→vi(vi)

⎤
⎦
n

i=1

(15)

However, this convergence exists only in acyclic factor
graphs, meaning that the exact solution can only be achieved
in such graphs through the max-sum algorithm. When the factor
graph contains loops, as depicted in Fig. 1, the general max-sum
algorithm cannot guarantee an exact solution due to the uncer-
tain manner nodes receive messages containing messages sent
from the node, leading to message explosion. Asynchronous
messaging [36] and messaging with damping [37] can mitigate
this issue.

IV. LOSS FUNCTION

The value function and graph policy networks use different
loss functions and alternate updates. This section will explain
the form of loss construction for each network.

A. Loss of the Q-Value Function Network

We update the Q-value function network using the loss form
that is referred to in DQN. We maintain a target network [28]
and a replay buffer [38]. We also deposit the adjacency matrixA,
obtained from the graph policy, into the replay buffer. This way,
we obtain the decomposed form of the global value functionQtot
through the adjacency matrixA. In contrast, the decomposed lo-
cal value functionQj is obtained through the θ, ψ parameterized
Q-value function network. Finally, we use the globally optimal
joint action u∗ obtained by the max-sum algorithm. To achieve
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this, we learn θ, ψ by minimizing the TD error, as follows:

LQ (τ , A,u, r; θ, ψ) :=

E

[
1

T

T∑
t=0

(
Qtot(τ t,ut, At)−ydqn

(
rt, τt+1, At+1; θ̄, ψ̄

))2]

(16)

where τ = {τ t}Tt=1 (note: τ in this paper only denotes the set of
observation-action histories τ t, not the trajectory of the whole
task), and rt is the reward for performing action ut transitions
to τ t+1 in the observation history τ t.y

dqn(rt, τ t+1, At+1; θ̄, ψ̄)
= rt + γQtot(τ t+1, u

∗
t+1, At+1; θ̄, ψ̄),u

∗
t+1 = [argmaxuit+1∑

Qk∈N(vi)
μQk→vi(vi)]

n
i=1, θ̄, ψ̄ is the parameter copied

periodically from θ, ψ.

B. Loss of Graph Policy Network

MARL aims to maximize the expected discounted sum of
future rewards. Therefore, the natural objective of the graph
policy network is to find the optimal graph policy ρ(At | τ t;ϕ)
that achieves this goal. However, if we use a DQN-style loss
function, the gradient cannot be returned to the graph policy
network, making training impossible. To address this issue, we
adopt the policy gradient approach [6] and treat the graph policy
ρ(At | τ t;ϕ) as the action policy π(ut | τ t), and use the policy
gradient approach to design the graph policy network’s loss
function.

The loss function for the graph policy network is:

LG (τ , A,u, r;ϕ) = LPG − λHLentropy (17)

where λH is the weight constant of Lentropy . Our objective is to
maximize the expected discounted return, for which we define
the maximization objective function as follows:

maximize
ϕ

J(θ, ψ, ϕ) = maximize
ϕ

vΠθ,ψ,ϕ (s0) (18)

where Πθ,ψ,ϕ = Πθ,ψ,ϕ(u, A | s) = ρϕ(A | s)πθ,ψ(u | s,A)
denotes the joint policy of all agent policies and graph policies,
vΠθ,ψ,ϕ(s0) is the policyΠθ,ψ,ϕ under s0 as a function of the state
value of s0. The derivation of the objective function J(·) yields
(see Appendix Section C for the corresponding derivation),
available online:

∇ϕJ(θ, ψ, ϕ) =

E
(τ t,ut,At)∼T

[Qtot (τ t,ut, At)∇ ln ρϕ (At|τ t)] (19)

We refer to the PPO [6], which uses importance sampling for
graph policies to improve training efficiency:

∇ϕJ =

E
(τ t,ut,At)∼Told

[
ρϕ (At | τ t)
ρϕold (At | τ t)

Qtot (τ t,ut, At)

∇ ln ρϕ (At | τ t)
]

(20)

In order to get a more accurate graph policy ρ, we use the
local value functionQj instead of the global value functionQtot

for calculation. The graph policy ρ can be decomposed into
“sub-policy” in which all local value functions are connected to
the agent. Comparing the value function used in the actor-critic
algorithm to evaluate the quality of the policy, in DDFG the
global value functionQtot can evaluate the graph policyρThen it
is natural to use the local value function to evaluate the quality of
the “sub-policy”. Essentially, this is a credit allocation idea. The
global value functionQtot is the sum of the local value functions
Qj , The larger Qj , the greater its contribution to Qtot as Qj
whole, which means that the corresponding local The greater
the contribution of the value function Qj to the “sub-policy”
connected to the agent. Therefore, the “sub-policy” should be
accurately evaluated by Qj , then ∇ϕJ becomes:

∇ϕJ =

E
(τ t,ut,At)∼Told

⎡
⎣∑
j∈J

(
Pϕ,j (mj)

Pϕold,j (mj)
Qj

(
τ jt ,u

j
t , At

))

∇ ln ρϕ (At | τ t)

⎤
⎦ (21)

wherePϕ,j(mj)=
∑

{mj,1,...,mj,N}∈Hm p
mj,1
j,1 · · ·pmj,ij,i · · ·pmj,Nj,N ,

pj,i represents the probability that the local value function Qj
is connected to agent i, mj,i represents the number of times
the local value function Qj is connected to agent i, mj =
{mj,i}i=1−N .

Proposition 3: In the graph policy ρ(At | τ t), for each lo-
cal value function Qj , when Its corresponding “sub-policy”
ρ(Qj) ∼ P̃D(D : p1, p2, . . . , pN ), then (21) can be derived
from (20).

Detailed proof of Proposition 3 can be found in Appendix
Section C, available online.

Generalized advantage estimation (GAE) [39] is adopted
to estimate the advantage function A and use the advantage
functionA

j
instead of the local value functionQj , thus reducing

the variance:

ÂGAE
j

(
τ jt ,u

j
t , At

)
:=

∞∑
t=0

(γλGAE)
lδ
Qj
t+l (22)

where λGAE is the discount factor in GAE, δ
Qj
t =

Qj(τ
j
t ,u

j
t , A)− Vj(τ

j
t ). We construct the relationship between

Vtot and Vj using the sameAt and train Vtot with TD-error (see
Appendix Section B for detailed descriptions), available online.

We use the clip function to constrain Importance sampling,
and derive ∇ϕLPG:

∇ϕLPG =

= −E(τ t,ut,At)∼D[
∑
j

min
(
rjt (ϕ) Âj , fclip(r

j
t (ϕ) , ε)Âj

)

∇ ln ρϕ (At|τ t)] (23)

where rjt (ϕ) = Pϕ,j(mj)/Pϕold,j(mj) , fclip(r
j
t (ϕ), ε) =

clip(rjt (ϕ), 1− ε, 1 + ε), D is the replay buffer of the graph
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policy network and is independent of the replay buffer of the
Q-value function network.
Lentropy is the loss function of the policy entropy. We add the

policy entropy to the loss to improve the exploration ability of
the graph policy network:

Lentropy = −Eτ t∼D[H (ρ(· | τ t;ϕ))]

= −Eτ t∼D

⎡
⎣∑

i

∑
j

ρij(· | τ t;ϕ) log (ρij(· | τ t;ϕ))

⎤
⎦
(24)

where ρij(· | τt;ϕ) denotes the probability of connecting agent
i with the local function Qj .

V. EXPERIMENT

This section delineates a comparative analysis of the Dy-
namic Deep Factor Graph (DDFG) algorithm against a suite of
state-of-the-art algorithms including Value Decomposition Net-
works (VDN) [8], QMIX [9], Combined-Weighted QMIX (CW-
QMIX)/Optimistically Weighted QMIX (OW-QMIX) [13],
Multi-Agent Proximal Policy Optimization (MAPPO) [5],
QTRAN [11], QPLEX [12], Deep Coordination Graphs
(DCG) [15], Sparse Optimistic Policy Coordination Graph
(SOPCG) [18], and Coordination Among Sparsely Communi-
cating Entities (CASEC) [19]. The implementation of DDFG,
constructed using PyTorch, is publicly available alongside base-
line experiment codes in the designated repository.

To elucidate the efficacy of DDFG, we evaluate it across
two distinct scenarios, detailed further in Appendix Section
D, available online, with regards to hyperparameter configura-
tion and additional experiments: (1) an advanced Higher-Order
Predator-Prey model [15], and (2) the StarCraft II Multi-agent
Challenge (SMAC) [40].

A. Higher-Order Predator-Prey

The Predator-Prey environment, as utilized in DCG, was
augmented to engender a Higher-Order Predator-Prey (HO-
Predator-Prey) scenario, exhibiting increased complexity.

Original Predator-Prey Scenario: This model positions the
prey on a grid, where agents may execute capture actions. Suc-
cessive captures by two or more agents on the prey, positioned in
adjacent squares (top, bottom, left, or right), result in a collective
reward of r. Conversely, an unsuccessful solo capture action
inflicts a sub-reward penalty of p.

Higher-order Predator-Prey (HO-Predator-Prey): The HO-
Predator-Prey scenario (as shown in Fig. 3) extends the adja-
cency to include eight squares around the prey: Upper, Lower,
Left, Right, Upper Left, Upper Right, Lower Left, and Lower
Right, necessitating X or more simultaneous capture actions
for success, with X set to 3. Furthermore, the decomposition of
the DDFG value function is constrained to a highest order of 3,
linking each local value function with no more than three agents.

Our experimental framework evaluated the influence of vary-
ing penalty values p (0, −0.5, −1, −1.5), with the outcomes
depicted in Fig. 4. In scenarios devoid of penalties (Fig. 4(a)),

Fig. 3. HO-Predator-Prey environment. Predators are marked in blue, prey
is marked in red, and the blue grid represents the range of movement of the
predator.

a broad array of algorithms including Value Decomposition
Networks (VDN), QMIX, Combined-Weighted QMIX (CW-
QMIX), Optimistically Weighted QMIX (OW-QMIX), QPLEX,
Deep Coordination Graphs (DCG), Sparse Optimistic Policy
Coordination Graph (SOPCG), Coordination Among Sparsely
Communicating Entities (CASEC), and Dynamic Deep Factor
Graph (DDFG) converged to the optimal solution. In contrast,
QTRAN and MAPPO only managed to achieve partial suc-
cess. As a policy gradient method, MAPPO’s performance in
the HO-Predator-Prey environment is not as good as that of
other value-based methods. Notably, DDFG exhibited a reduced
rate of convergence, attributable to its ongoing optimization
of graphical policies concurrent with value function fitting,
which inherently diminishes convergence velocity. Upon the
introduction of penalties (Fig. 4(b)–(d)), all baseline algorithms
except for CW-QMIX, OW-QMIX, DCG, SOPCG, CASEC, and
DDFG succumbed to failure, unable to circumvent the pitfall
of relative overgeneralization. As penalties intensified, CW-
QMIX, OW-QMIX, DCG, SOPCG, and CASEC progressively
struggled to attain the optimal solution, with complete failures
recorded in certain trials.

When penalty pwas set to −0.5, CW-QMIX exhibited partial
success; however, as the penalty increased to −1 or beyond,
it failed outright. OW-QMIX, despite partial successes across
varying penalty levels, encountered difficulties in accurate ac-
tion learning as penalties escalated. This is in stark contrast to
the outright failure of QMIX, where CW-QMIX/OW-QMIX’s
partial successes can be attributed to the Weighted QMIX opera-
tor’s non-monotonic function mapping, thus boosting algorithm
performance. Despite DCG’s ability to learn successfully across
all scenarios, its average reward and convergence rate fell short
of DDFG’s performance. This discrepancy is linked to DCG’s
static coordination graph structure, which hinders learning of
collaborative policies involving more than two agents due to
redundant information in message passing and an inability to
adapt to complex collaborative decisions among three or more
agents. Conversely, SOPCG and CASEC, despite their advance-
ment in dynamic sparse graph structures, were hampered by
the intrinsic limitations of the coordination graph’s expressive
capacity, thus failing to achieve comprehensive success. DDFG,
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Fig. 4. Median test return for the Higher-order Predator-Prey task with different penalties p(0,-0.5,-1,-1.5), comparing DDFG and baselines.

however, demonstrated proficiency in learning optimal poli-
cies across all scenarios by dynamically modeling cooperation
among predators through graph policy networks and employing
factor graphs for collaborative decision-making among multiple
agents, facilitated by the max-sum algorithm.

Further experimentation, incorporating a time-step penalty
rt = −0.1 while maintaining constant penalty values p (−0.5,
−1), is presented in Fig. 5. The imposition of a temporal
penalty rt, equating to a negative reward at each time step when
agents remain stationary, ostensibly complicates convergence
by augmenting negative rewards. Nonetheless, this approach
simultaneously fosters exploration. In scenarios with p = −0.5,
the inclusion of rt enabled algorithms such as VDN, QMIX,
CW-QMIX/OW-QMIX, SOPCG, and CASEC to enhance ex-
ploration, thereby overcoming relative overgeneralization to
achieve optimal solution convergence in certain instances. Yet, in
a majority of cases, these algorithms still faced outright failure.

With p = −1, the augmentation of rt failed to facilitate success
for these algorithms. Particularly for SOPCG and CASEC, the
substantial increase in rt markedly impeded algorithmic success
probability. The dynamic sparse coordination graph structure
exhibited no discernible advantage in the HO-Predator-Prey
context, with CASEC’s performance even trailing behind DCG.
For DCG, the negative temporal reward rt adversely affected
convergence, rendering outcomes in scenarios with p = −1 less
favorable compared to those without rt. Conversely, DDFG
consistently converged to the optimal policy irrespective of
rt’s presence, though the introduction of rt inevitably slowed
DDFG’s convergence by accruing more negative rewards.

Finally, this paper visualizes the dynamic structure of factor
graphs in HO-Predator-Prey tasks, as shown in Fig. 6. We tested
the DDFG after two million steps of training in an experimental
scenario with a penalty of p = −1.5 and r = 0. In an episode
shown in Figs. 6 and 9 agents successfully captured 6 prey
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Fig. 5. Median test return for the Higher-order Predator-Prey task with rt, comparing DDFG and baselines.

Fig. 6. The dynamic changes in the graph structure of DDFG in the Higher-order Predator-Prey task (performing the “capture” action).

within 50 time steps (ending 150 time steps earlier). This paper
selects scenarios where agents cooperate to capture prey at two
moments, t = 15 and t = 20, and visualizes the factor graph
structure at these two moments.

At t = 15, agents 1, 4, 5, and 6 collectively encompass prey
6 and successfully captured it. The actions executed at t = 15
reveal that agents 1, 5, and 6 initiated the ‘capture’ action leading
to the successful capture of prey 6. Insight from the factor graph
structure at t = 15 demonstrates that, the dynamic graph policy
generated joint value function nodes for agents 1, 5, and 6,
managing to orchestrate their capture actions effectively.

At t = 20, agents 1, 4, 5, and 9 encircle prey 1, while agents
4, 7, and 8 concurrently surround prey 5, leading to the capture
of both prey. In reference to the list of actions executed by the
agents, agents 4, 5, 7, 8, and 9 are all noted for executing the

‘capture’ action. This means that agents 4, 5, and 9 are responsi-
ble for capturing prey 1, whereas agents 4, 7, 8 are accountable
for the capture of prey 5. Notably, agent 1 is not involved in the
capture, while agent 4 contributes to both capture actions. This
pattern is reflected in the factor graph structure at time t = 20.
This reflects that the graph structure generated by the dynamic
graph policy will directly guide the coordinated actions between
agents. Moreover, even though the dynamic graph policy does
not successfully generate joint nodes for agents 4, 5, 9 or 4,
7, 8, the capture action is still successfully completed. This
highlights the significance of the message passing algorithm.
Starting from the factor nodes, (14) and (13) are alternately
called to propagate and aggregate the value function information
between the factor nodes and variable nodes, which ultimately
leads to the successful capture of two preys by five agents.
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Fig. 7. Median test win rate % for the SMAC task, comparing DDFG and baselines.

In summary, the disparity in the factor graph structures be-
tween t = 15 and t = 20 as indicated in Fig. 6 underscores the
ability of the dynamic graph policy introduced in this paper
to generate factor graph structures that adapt to the real-time
changes. Meanwhile, the above discussion confirms that the
dynamic graph policy has the ability to generate real-time fac-
tor graph structures, thereby guiding multi-agent collaboration.
Additionally, the scenario at t = 20 highlights that even without
the generation of an ‘absolutely correct’ joint value function
node, the message passing algorithm can ensure successful
coordinated actions among agents, hence proving the resilience
of the dynamic graph policy.

B. SMAC

Transitioning to the SMAC domain, we confront a series
of more daunting experiments within the StarCraft Multi-
Intelligent Challenge Benchmark, evaluating empirical perfor-
mance across various environments through exploration and
FIFO buffers. For our purposes, we have selected a total of
five maps:: (a) 3s5z (Easy), (b) 5m_vs_6m (Hard), (c) 1c3s5z
(hard), (d) 8m_vs_9m(hard), (e) MMM2 (superhard), with the
opponent AI set to hard in both instances.

The experimental results, showcased in Fig. 7, indicate that
in the 5m_vs_6m map, DDFG matches the performance of
OW-QMIX and CASEC, outperforming the remainder of the
baselines. In contrast, on other maps(3s5z, 1c3s5z, 8m_vs_9m
and MMM2), DDFG demonstrates superior performance rela-
tive to all baseline models. Initial learning velocity for DDFG
is slower due to two primary factors: the SMAC scenarios’
immunity to relative overgeneralization, preventing baseline
algorithms from stagnating at local optima, and the temporal

requirements for DDFG’s graph policy to identify the optimal
structural decomposition. This temporal lag results in DDFG
exhibiting a slower initial learning curve when compared to
some baselines during the experiment’s initial phase.

The experiments validate DDFG’s scalability and efficacy
in complex tasks like SMAC, even in the absence of relative
overgeneralization. Notably, DDFG demonstrates superior per-
formance to DCG in all scenarios by generating dynamic graph
structures that facilitate adaptive agent collaboration against
adversaries. DDFG’s ability to control varied agents for joint
decision-making against enemies secures a higher victory rate.
SOPCG and CASEC exhibit diminished success rates on the
MMM2 map, while maintaining average performance on the
8m_vs_9m scenario. This discrepancy underscores the variabil-
ity and stability concerns associated with dynamically sparse
graph structures in fluctuating contexts, as evidenced by the
divergent success rates across different maps. DDFG’s employ-
ment of high-order value function networks and the max-sum
algorithm for global policy optimization culminates in elevated
success rates across varied SMAC maps.

Fig. 8 presents the visualization of the factor-graph structure
in the StarCraft II experiment. This paper uses the 3s5z scenario
and tests the DDFG after two million steps of training. In an
episode displayed in the figure, our team controls 3 Stalkers and
5 Zealots against the enemy’s identical setup of 3 Stalkers and
5 Zealots and eventually secures the victory.

At t = 24, agents 4, 5, and 7 collaboratively attack a Zealot.
The graph-structured policy successfully learns the cooperation
between 4 and 7, and manipulates 5 through separate factor
nodes to accomplish the collective cooperation of the three
agents. At the same time, the graph-structured policy constructs
cooperation between agents 1, 3 and 2, 3. The message passing is
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Fig. 8. In the StarCraft II task (3s5z map), the dynamic changes in the graph structure of DDFG. The first row shows the dynamic FG structure at different time
moments t, where the red agent nodes represent dead agents. The second row indicates the intent to attack from our agents, with the green nodes being our agents
and the red ones being the enemies. The third row shows the corresponding game screen, where the red circle marks collaboration between agents, and the green
numbers are agent IDs (corresponding to the FG structure in the first row).

conducted through the max-sum algorithm on the factor graph,
ultimately achieving the collaborative attack on the enemy by
agents 1 and 3.

At t = 32, agents 3, 4 collaboratively attack a Stalker, while
agents 6 and 7 jointly attack a Zealot. The graph-structured
policy successfully learns both cooperations simultaneously. At
t = 39, agents 2 and 6 attack a Stalker, while agents 3, 4, and 5
collaborate to attack a Zealot. The graph-structured policy learns
the cooperation of 2 and 6. As for the collaboration of agents
3, 4, and 5, the policy only learns the cooperation between 3
and 5, but also manipulates 4 through a separate factor node to
ultimately complete the attack.

In summary, Fig. 8 displays different factor graph structures
at three different moments, validating the effectiveness of the
graph-structured policy. In most situations, the graph-structured
policy can directly create corresponding factor nodes to accom-
plish collaborative attacks. In other cases, the policy can pass
messages among different agents by executing the max-sum
algorithm on the factor graph.

C. Ablation Study

The Dynamic Deep Factor Graph (DDFG) algorithm is dis-
tinguished by its integration of a value function module and
a graph generation policy. As delineated in Appendix Section
B, available online, a notable inference is that DDFG, when
constrained such that every pair of agents is connected to a
factor node, effectively reduces to the Deep Coordination Graph
(DCG) framework. This scenario can be interpreted as DDFG
operating under a static graph structure. DCG employs a fully
connected graph structure, and as evidenced in Figs. 4, 5, and 7, it
achieves a measurable degree of success/win rate across various

scenarios. This observation underscores the intrinsic value of
the function module within the algorithm. This section aims to
elucidate the contributions of graph generation policies through
the deployment of ablation studies.

First, we initiate a comparison between dynamic and fixed
graph policies. Observations from Figs. 4, 5, and 7 reveal that
DDFG consistently outperforms DCG across all tested envi-
ronments. This disparity suggests that static graph strategies
are inadequate in encapsulating the dynamic collaborative rela-
tionships among agents within the environment. Conversely, the
graph generation policy introduced in this work adeptly captures
these collaborative dynamics, thereby enhancing overall algo-
rithmic performance. Moreover, DDFG consistently demon-
strates a superior learning velocity compared to DCG, implying
that the iterative alternation between updating the dynamic graph
policy and the value function network contributes to expedited
learning processes.

Second, the study contrasts the dynamic graph policy with a
random graph policy, with results depicted in Fig. 9. The random
graph policy is characterized by a uniform probability distri-
bution governing the connectivity between the value function
and agents, effectively equating the local value function to a
uniform connection probability among agents. Selecting specific
scenarios/maps within the HO-Predator-Prey and SMAC frame-
works for experimentation, Fig. 9 delineates a pronounced diver-
gence in performance between the dynamic and random graph
policies. This divergence validates the dynamic graph policy’s
capability to adaptively learn the evolution of collaborative
relationships among agents across different temporal junctures,
a feat unachievable by the random graph policy. Furthermore, in
the context of HO-Predator-Prey experiments, the application of
a random graph policy within the DDFG framework engendered
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Fig. 9. The ablation experiment of graph generation policy in HO-Predator-Prey and SMAC environments.

a negative feedback loop between the learning mechanisms of
the random graph and the value function. This phenomenon
highlights the detrimental effects of a random graph policy on
the value function network within challenging environments,
thereby emphasizing the criticality of accurately learning col-
laborative relationships.

For other ablation experiments, please refer to the Appendix
Section D, available online.

VI. CONCLUSION & FUTURE WORK

This paper has introduced the Dynamic Deep Factor Graph
(DDFG) algorithm, leveraging factor graph decomposition for
global value functions, significantly enhancing the algorithm’s
capability to counteract relative overgeneralization. Employ-
ing tensor-based CP decomposition, DDFG adeptly navigates
large action spaces with heightened efficiency. Furthermore,
through the development of a graph structure generation policy
utilizing a hypernetwork, DDFG dynamically generates ad-
jacency matrices, capturing the fluid collaborative dynamics
among agents. Employing the max-sum algorithm, the opti-
mal policy for agents is ascertained. This paper theoretically
prove the error upper bound of the global value function under
high-order decomposition. This paper discovers the relationship
between the maximum decomposition order D and the error
upper bound highlights the trade-off between model accuracy
and computational cost. This provides a theoretical foundation
for balancing the computational overhead of approximating the
global value function and the performance degradation from
decomposition. DDFG’s effectiveness is empirically validated
in complex higher-order predator-prey tasks and numerous chal-
lenging scenarios within the SMAC II framework. Compared
to DCG, DDFG explicitly learns dynamic agent collaboration
and offering a more adaptable decomposition policy. Future
endeavors will explore the elimination of the highest order
limitation within DDFG to enhance the decomposition method’s
flexibility while preserving algorithmic learning efficiency.
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APPENDIX A
RELATED WORK

A.1 VDN

The main assumption made and utilized by the VDN is that the joint action-value function of the system can be decomposed into a sum
of the value functions of the single agent:

Q((h1, h2, . . . , hN ), (u1, u2, . . . , uN )) ≈
N∑
i=1

Q̃i(h
i, ui) (1)

where Q̃i depends only on the local observation of each agent. We learn Q̃i by back-propagating the rule in Q-learning, which learns
the joint reward by summation. The Q̃i is learned implicitly, not from any reward specific to agent i. The algorithm does not constrain
Q̃i to be an action-value function for any particular reward. The agents in the VDN algorithm can be deployed independently because
the greedy policy of each agent ui = argmaxuiQ̃i(h

i, ui) for the local value function Q̃i is equivalent to choosing the joint action to

maximize
N∑
i=1

Q̃i.

A.2 QMIX

QMIX implements two improvements over VDN: 1) the inclusion of global information to assist in the training process and 2) the use
of a hybrid network to merge local value functions of single agents.

QMIX, as a representative value decomposition method, follows the centralized training, distributed execution (CTDE) paradigm
[1]. The core part of QMIX is the hybrid network, which is responsible for credit assignments. In QMIX, each agent a has a separate
Q-network Qi(τ i, ui). The output of the single Q-network is passed through the hybrid network, which implicitly assigns credits to
each agent and generates an approximation of the global Q-value Qtot(τ ,u, s; θ). The Qtot is computed as follows:

Qtot(τ ,u, s; θ) =W2ELU (W1Q+ b1) + b2 (2)

where Q = [Q1(τ1, u1), Q2(τ2, u2), . . . , Qn(τn, un)]
T ∈ Rn×1 is the output of the independent Q-network. W1 ∈ Rm×n

+ ,W2 ∈
R1×m
+ , b1 ∈ Rm×1, b2 ∈ R is the weight generated by the HyperNetworks. Since the elements of W1 and W2 are non-negative, QMIX

satisfies the following condition:
∂Qtot
∂Qi

≥ 0,∀i ∈ {1, 2, · · · , n} (3)
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This property guarantees the individual-global maximum (IGM) principle [2], i.e., that the optimal action of each agent is jointly
constituted as an optimal joint action of Qtot:

argmax
u

Qtot(τ ,u, s) =


argmax

u1

Q1(τ
1, u1)

...

argmax
un

Qn(τ
n, un)

 (4)

In this way, the agent can choose the best local action based only on its local observation-action history, while the joint action is the
best action for the whole system.

The system is updated by minimizing the square of the TD loss on Qtot, according to the following equation:

L(θ) = (ydqn −Qtot(τ ,u, s; θ))
2

(5)

where ydqn = r + γmaxu′Qtot(τ
′,u′, s′; θ−) is the TD objective.

A.3 WQMIX
Although QMIX improves the form of value function decomposition of VDN, the monotonicity constraint of QMIX makes its function
expressiveness somewhat limited.WQMIX improves the value function expressiveness of QMIX by defining the QMIX operator and
weighting the QMIX operator according to the importance of each action in the joint action space, which in turn maps it to the
"non-monotonic" functions.

First, WQMIX defines the function space where the global value function Qtot resides:

Qmix = {Qtot | Qtot(s,u) = fs(Q1(s, u
1), . . . , Qn(s, u

n)),
∂fs
∂Qi

≥ 0, Qi(s, u
i) ∈ R} (6)

Constraining Qmix in Qtot can be seen as solving the following optimization problem:

argminq∈Qmix
∑

u∈U
(T ∗Qtot(s,u)− q(s,u))

2
,∀s ∈ S (7)

where T ∗ is the Bellman optimality operator.
Meanwhile, define the corresponding projection operator ΠQmix:

ΠQmixQ := argminq∈Qmix
∑

u∈U
(Q(s,u)− q(s,u))2 (8)

Define the QMIX operator as a composite of the Bellman optimality operator and the projection operator: T ∗
Qmix = ΠQmixT ∗.

The QMIX operator T ∗
Qmix itself has many problems, such as T ∗

Qmix is not a compression mapping, and the joint actions obtained
by maximizing Qtot in QMIX are erroneous in some scenarios (underestimating the value of some joint actions).Based on these
drawbacks, WQMIX proposes the Weighted QMIX operator.

First, define the new projection operator Πw:

ΠwQ := argminq∈Qmix
∑

u∈U
w(s,u)(Q(s,u)− q(s,u))2 (9)

where the weight function w : S × U → (0, 1], when w(s,u) ≡ 1, Πw = ΠQmix.
And the weight calculation needs to use Q∗, so it is necessary to additionally learn Q̂∗ to fit Q∗, and Q∗ is updated by the following

operator:
T ∗
w Q̂

∗(s, u) := E[r + γQ̂∗(s′, argmaxu′Qtot(s
′, u′))] (10)

Then the weighted QMIX operator is defined as: T ∗
WQMIXQ̂

∗ := ΠwT ∗
w Q̂

∗.
Eventually WQMIX trains both Qtot and Q̂∗, updating the network by minimizing the square of the TD loss of the two Q functions:

L(θ) = w(s,u)(ydqn −Qtot(τ ,u, s; θ1))
2
+ (ydqn − Q̂∗(τ ,u, s; θ2))

2
(11)

where ydqn = r + γQ̂∗(τ ′, argmaxu′Qtot(τ
′,u′, s′; θ1), s

′; θ2) is the TD target.
And WQMIX obtains two WQMIX algorithms, Centrally-Weighted QMIX(CW-QMIX) and Optimistically-Weighted QMIX(OW-

QMIX), by designing different weight functions w(s,u).
Weighting functions in CW-QMIX:

w(s, u) =

{
1 ydqn > Q̂∗(τ , û∗, s) or u = û∗

α otherwise
(12)

where û∗ = argmaxuQtot(τ ,u, s).
Weighting functions in OW-QMIX:

w(s,u) =

{
1 Qtot(τ ,u, s) < ydqn

α otherwise
(13)
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A.4 QTRAN

QTRAN improves the decomposition form of the value function in VDN, QMIX. QTRAN proposes the IGM condition and proves
that the linear decomposition in VDN and the monotonic decomposition in QMIX are sufficient but not necessary for the IGM. This
leads to the decomposition of value functions in VDN and QMIX in a way that is too constrained, making it impossible to solve
non-monotonicity tasks. QTRAN proposes to satisfy the sufficient and necessary conditions for IGM and proves its correctness.

Theorem proposed by QTRAN: A global value function Qtot (τ ,u) can be decomposed into
[
Qi
(
τ i, ui

)]N
i=1

, if it satisfies:

N∑
i=1

Qi
(
τ i, ui

)
−Qtot (τ ,u) + Vtot (τ ) =

{
0 u = ū

≥ 0 u ̸= ū
(14)

where Vtot (τ ) = max
u

Qtot (τ ,u)−
N∑
i=1

Qi
(
τ i, ūi

)
.

QTRAN learns Qi, Qtot, Vtot through the network separately and designs the loss function based on Qtot, Vtot:

L (τ ,u, r, τ ′; θ) = Ltd + λoptLopt + λnoptLnopt (15)

Ltd is used to fit Qtot, Lopt and Lnopt is used to fit Vtot. λopt and λnopt are the weight constants for two losses. Ltd,Lopt,Lnopt
are defined as follows:

Ltd (; θ) = (ydqn −Qtot(τ ,u))
2
, ydqn = r + γQtot(τ

′, ū′; θ_)

Lopt (; θ) = (Q′
tot(τ , ū)− Q̂tot(τ , ū) + Vtot (τ ))

2

Lnopt (; θ) = (min
[
Q′

tot(τ ,u)− Q̂tot(τ ,u) + Vtot (τ ) , 0
]
)
2

(16)

where θ_ is the target network parameter. Lopt and Lnopt are used to ensure that the above theorem holds.

A.5 QPLEX

QPLEX proposes an improvement to the IGM. By drawing on the f dueling decomposition structure Q = V +A proposed by Dueling
DQN [3], QPLEX formalizes the IGM as an advantage-based IGM.

Advantage-based IGM: For the joint action-value function Qtot : T × U → R and the individual action-value function [Qi :
T × U → R]ni=1, where ∀τ ∈ T ,∀u ∈ U,∀i ∈ N ,

Joint Dueling Qtot(τ ,u) = Vtot(τ ) +Atot(τ ,u) and Vtot(τ ) = max
u′

Qtot(τ ,u
′)

Individual Dueling Qi(τ
i, ui) = Vi(τ

i) +Ai(τ i, ui) and Vtot(τ i) = max
ui′

Qi(τ
i, ui

′
)

such that the following holds:

argmax
u∈U

Atot(τ ,u) =

(
argmax
u1∈U

Ai(τ1, u1), . . . , argmax
un∈U

An(τn, un)
)

(17)

Then, [Qi]ni=1 satisfies the Advantage-based IGM of Qtot (which is equivalent to the IGM).
The structure of QPLEX consists of two parts: (i) an Individual Action-Value Function for each agent, and (ii) a Duplex Dueling

component.
An Individual Action-Value Function consists of an RNN Q-network for each agent, where the network inputs are the hidden state

hit−1 and action uit−1 of the previous moment, and the local observation oit of the current moment. The output is a localized value
function Qi(τ i, ui).

The Duplex Dueling component connects local and joint action-valued functions through two modules: (i) a Transformation network
module (ii) a Dueling Mixing network module.

The Transformation network module uses centralized information to transform the local duel structure [Vi(τ
i),Ai(τ i, ui)]ni=1 to

[Vi(τ ),Ai(τ , ui)]ni=1 for any agent i, i.e., Qi(τ , ui) = wi(τ )Qi(τ
i, ui) + bi(τ ), thus:

Vi(τ ) = wi(τ )Vi(τ
i) + bi(τ ) and Ai(τ , ui) = wi(τ )Ai(τ i, ui) (18)

where wi(τ ) > 0, this positive linear transformation maintains the consistency of greedy action selection.
The Dueling Mixing network module takes as input the output of the Transformation network module [Vi,Ai]ni=1 and outputs the

global value function Qtot.
Advantage-based IGM conditions do not impose constraints on Vtot, so QPLEX uses a simple sum structure for Vtot: Vtot(τ) =

n∑
i=1

Vi(τ).

To satisfy the Advantage-based IGM condition, QPLEX calculates the joint advantage function as follows:

Atot(τ ,u) =
n∑
i=1

λi(τ ,u)Ai(τ , ui), where λi(τ ,u) > 0 (19)
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The positive linear transformation guided by λi will continue to maintain consistency in greedy action selection. To be able to
efficiently learn λi with joint histories and actions, QPLEX uses an extensible multi-head attention module:

λi(τ ,u) =
K∑
k=1

λi,k(τ ,u)ϕi,k(τ )vk(τ ) (20)

where K is the number of attention heads, λi,k(τ ,u) and ϕi,k(τ ) are the attention weights activated by the sigmoid function, and
vk(τ ) > 0 is the positive key for each head.

Eventually, the joint action-value function Qtot is expressed as follows:

Qtot(τ ,u) = Vtot(τ ) +Atot(τ ,u) =
n∑
i=1

Qi(τ , u
i) +

n∑
i=1

(λi(τ ,u)− 1)Ai(τ , ui) (21)

A.6 DCG

DCG is a MARL algorithm that combines coordination graphs and deep neural networks. In DCG, a coordination graphCG decomposes
the joint value function into the sum of the utility function f i and the cost function f ij as follows:

QCG(st,u) = QCG(τt,u) =
1

|V |
∑
vi∈V

f i(ui | ht) +
1

|ε|
∑
i,j∈ε

f ij(ui, uj | ht) (22)

DCG uses the max-sum algorithm of the coordination graph to deliver messages. At each time step t, every node i sends a message
µijt (u

j) ∈ R to all neighboring nodes i, j ∈ ε. The message can be decentralized and computed using the following equation:

µijt (u
j)← max

ai

 1

|V |
f i(ui | ht) +

1

|ε|
f ij(ui, uj | ht) +

∑
k,i∈ε

µkit (ui)− µjit (ui)

 (23)

This message computation and passing must be repeated several times until convergence so that each agent i can find the optimal
action ui to obtain the maximized estimated joint action value QCG(τt,u∗). The optimal action ui∗ can be computed using the
following equation:

ui := argmax
ui

 1

|V |
f i(ui | ht) +

∑
k,i∈ε

µkit (ui)

 (24)

At each time step t, DCG approximates the utility function f i and the cost function f ij using a network parameterized by θ, ϕ,
and ψ. The joint action value is denoted as follows:

QDCGθϕψ (τt,u) :=
1

|V |
fvθ (u

i | hit) +
1

2|ε|
∑
i,j∈ε

(feϕ(u
i, uj | hit, h

j
t ) + feϕ(u

j , ui | hjt , hit)) (25)

Finally, the DCG updates the parameters of the DCG network end-to-end according to the DQN-style loss function:

LDQN := E

[
1

T

T−1∑
t=0

(
QDCGθϕψ (ut | τt)−

(
rt + γmaxQDCGθ̄ϕ̄ψ̄ (· | τt+1)

))2]
(26)

where θ̄, ϕ̄, ψ̄ is the parameter copied periodically from θ, ϕ, ψ.

A.7 SOPCG

SOPCG uses a class of polynomial-time coordination graphs to construct a dynamic and state-dependent topology. SOPCG first models
coordination relations upon the graph-based value factorization specified by DCG, where the joint value function of the multi-agent
system is factorized into the summation of individual utility functions fi and pairwise payoff functions fij .

Q(τt, u;G) =
∑
i∈[n]

f i(ui | τ it )+
∑

(i,j)∈G

f ij(ui, uj | τ it , τ
j
t ) (27)

where the coordination graph G is represented by a set of undirected edges. With this second-order value decomposition, the hardness
of greedy action selection is highly related to the graph topology.

Polynomial-Time Coordination Graph Class: A graph class G is a Polynomial-Time Coordination Graph Class if there exists an
algorithm that can solve any induced DCOP of any coordination graph G ∈ G in Poly(n,A) running time.

The set of undirected acyclic graphs, denoted as Guac, forms a polynomial-time tractable graph class. However, within an
environment containing n agents, an undirected acyclic graph can have at most n−1 edges, limiting the expressive capacity of functions.
To mitigate this issue, SPOCG permits the dynamic evolution of the graph’s topology through transitions in the environmental state.
Across different environmental states, the joint value can be decomposed by selecting coordinating graphs from a predefined graph
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class G ⊆ Guac. This graph class choice augments the limited representational capacity while preserving the accuracy of greedy
action selection.

SOPCG introduce an imaginary coordinator agent whose action space refers to the selection of graph topologies, aiming to select a
proper graph for minimizing the suboptimality of performance within restricted coordination. The graph topology G can be regarded
as an input of joint value function Q(τt, u;G). The objective of the coordinator agent is to maximize the joint value function over the
specific graph class. SOPCG handle the imaginary coordinator as a usual agent in the multi-agent Q-learning framework and rewrite
the joint action as ucg = (u1, · · · , un, G)

Formally, at time step t, greedy action selection indicates the following joint action:

ucgt ← argmax
(u1,··· ,un,G)

Q(τt, u
1, · · ·un;G) (28)

Hence the action of coordinator agent Gt is:

Gt ← argmax
G∈G

(
max
u

Q(τt,u;G)
)

(29)

After determining the graph topology Gt, the agents can choose their individual actions to jointly maximize the value function
Q(τt, u;G) upon the selected topology.

With the imaginary coordinator, SOPCG can reformulate the Bellman optimality equation and maximize the future value over the
coordinator agent’s action:

Q∗(τ, u;G) = E
τ ′

[
r +max

G′
max
u′

Q∗(τ ′, u′;G′)

]
(30)

Since the choice of the graph is a part of the agents’ actions, Q(τ, u;G) can be updated using temporal difference learning:

Lcg(θ) = E
(τ,u,G,r,τ ′)∼D

[
(ycg −Q(τ, u;G; θ))

2
]

(31)

A.8 CASEC
CASEC utilizes the variance of paired payoff functions as the criterion for selecting edges. A sparse graph is employed when choosing
greedy joint actions for execution and updating the Q-function. Simultaneously, to mitigate the impact of estimation errors on sparse
topological learning, CASEC further incorporates a network structure based on action representation for utility and payoff learning.

If the actions of agent j significantly influence the expected utility for agent i, then agent i needs to coordinate its action selection
with agent j. For a fixed action ui, V aruj [qij(ui, uj | τ it , τ

j
t )] can quantify the impact of agent j on the expected payoff. This

motivates the use of variance of payoff functions as the criterion for edge selection in CASEC:

ζqvarij = max
ui

V aruj [qij(u
i, uj | τ it , τ

j
t )] (32)

The maximization operator guarantees that the most affected action is considered. When ζqvarij is large, the expected utility of agent i
fluctuates dramatically with the action of agent j, and they need to coordinate their actions. Therefore, to construct sparse coordination
graphs, we can set a sparseness controlling constant λ ∈ (0, 1) and select λ|V|(|V| − 1) edges with the largest ζqvarij values.

CASEC consists of two main components–learning value functions and selecting greedy actions.
In CASEC, agents learn a shared utility function qθ(· | τ it ), parameterized by θ, and a shared pairwise payoff function qφ(· | τ it , τ

j
t ),

parameterized by φ. The global Q value function is estimated as:

Qtot(τt,u) =
1

|V|
∑
i

qθ(u
i | τ it )+

1

|V|(|V| − 1)

∑
i̸=j

qφ(u
i, uj | τ it , τ

j
t ) (33)

which is updated by the TD loss:

LTD(θ, φ) = ED

[
(r + γ

⌢

Qtot(τ
′,Max− Sum(qθ, qφ))−Qtot(τ ,u))

2
]

(34)

Max − Sum(·, ·) is the greedy joint action selected by Max-Sum,
⌢

Qtot is a target network with parameters θ̂, φ̂ periodically copied
from Qtot. Meanwhile, we also minimize a sparseness loss:

Lqvarsparse(φ) =
1

|V|(|V| − 1)|A|
∑
i ̸=j

∑
ui

V aruj [qij(u
i, uj | τ it , τ

j
t )] (35)

which is a regularization on ζqvarij . Introducing a scaling factor λsparse ∈ (0, 1] and minimizing LTD(θ, φ) + λsparseLqvarsparse(φ)
builds in inductive biases which favor minimized coordination graphs that would not sacrifice global returns.

In CASEC, the issue of estimation error becomes particularly pronounced as the construction of the coordination graph relies on
estimates of qij . As the construction of the coordination graph also impacts the learning of qij , a negative feedback loop is generated.
This loop leads to instability in learning. To address this problem and stabilize training, CASEC proposes the following strategies: 1)
Periodically constructing the graph using a target payoff function to maintain a consistent graph construction approach; 2) Accelerating
the training of the payoff function between updates of the target network, by learning action representations to reduce estimation error.
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For 2), CASEC proposes a conditional approach on action representations to enhance sample efficiency. We train an action encoder
fϕ(u), where the input is a one-hot encoding of an action u, and the output is its representation za. The action representation za, along
with the current local observation, is used to predict rewards and observations in the next time step. The prediction loss is minimized
to update the action encoder fϕ(u). At the beginning of learning, the action encoder is trained with a small number of samples [4] and
remains fixed for the rest of the training process.

Using action representations, the utility and payoff functions can now be estimated as:

qθ(u
i | τ it ) = hθ(τ

i
t )
T
zui ;

qφ(u
i, uj | τ it , τ

j
t ) = hθ(τ

i
t , τ

j
t )
T
[zui , zuj ]

(36)

A.9 MAPPO
The MAPPO algorithm extends the PPO algorithm to the multi-agent setting and outperforms PPO and IPPO algorithms in experimental
validation. PPO is a widely used on-policy reinforcement learning algorithm, but its usage rate in multi-agent environments is far lower
than that of off-policy learning algorithms. This is primarily because the sample efficiency of PPO in multi-agent systems is much
lower than that of off-policy methods.

In multi-agent environments, the low adoption rate of the PPO algorithm can be attributed to two factors: firstly, PPO exhibits lower
sample efficiency compared to off-policy algorithms; secondly, the hyperparameter tuning methods that work effectively for PPO in
single-agent scenarios often fail to deliver robust performance when transferred to multi-agent settings. Whereas the MAPPO algorithm,
with minimal modifications (primarily to the critic network), demonstrates final performance comparable to other off-policy algorithms
in multi-agent scenarios.

The MAPPO algorithm is primarily divided into two components: policy update and value function estimation. That is to say, there
are two networks involved: the policy network πθ and the value function network Vϕ. The value function Vϕ needs to learn a mapping:
S → R. The policy function πθ learns a mapping from the observation oit to a probability distribution over the action space, or to the
mean and variance of a Gaussian function for subsequent action sampling.

The optimization objective of the Actor network is:

∇θJ = E
(τt,ut)∼Told

∑
j

min
(
rit (φ) Âi, clip

(
rit (φ) , 1− ϵ, 1 + ϵ

)
Âi
)
∇ lnπθ

(
uit|τ it

)
+ σH

(
πθ
(
·|τ it ; θ

)) (37)

where rjt (θ) =
πθ(uit|τ

i
t)

πθold(u
i
t|τ it)

. The advantage function Âi is computed using the Generalized Advantage Estimation (GAE) method,

where H denotes the entropy of the policy, and σ is a hyperparameter controlling the entropy coefficient.
The optimization objective of the Critic network is:

Lcritic (ϕ) = −E(st)∼D

[
max

[
(Vϕ(st)− r)2, (clip (Vϕ(st), Vϕold(st)− ε, Vϕold(st) + ε)− r)2

]]
(38)

A.10 Factor graph and message passing algorithm
Modern computer science and engineering are replete with complex algorithms, and factor graphs serve as a powerful tool to enhance
their interpretability. A critical challenge in algorithms handling multivariate global functions lies in their computational inefficiency.
This issue is mitigated by decomposing the intricate global function into a product of simpler local functions, each dependent on a
subset of the global function’s variables. This factorization can be represented by a factor graph: a bipartite graph that explicitly encodes
the relationships between variables and their associated local functions.

In optimization problems aimed at "inferring the most probable state of a system," other graphical models, such as Bayesian
networks [5] and Markov random fields [6], can be seamlessly transformed into factor graphs [7]. Furthermore, factor graphs can be
employed to address numerous problems in artificial intelligence, signal processing, and digital communications. Many algorithms in
these domains can be interpreted as special cases of message-passing algorithms [8] operating on factor graphs.

A factor graph G = ⟨X,F, E⟩ [9] is defined by the set of variable nodes X , the set of factor nodes F and the set of undirected edges
E . Factor graphs are bipartite graphs represented as factorizations of global functions. Suppose that the global function g (x1, . . . , xn)
into a product of several local functions, each having some subset of as arguments; i.e., suppose that

g (x1, . . . , xn) =
∏
j∈J

fj (Xj) (39)

where J is a discrete index set, Xj is a subset of {x1, . . . , xn} ≜ X , and fj (Xj) is a function having the elements of Xj as
arguments.

Each variable node xi ∈ X in the factor graph corresponds to a variable. Similarly, each factor node fj ∈ F corresponds to a local
function after the global function decomposition and is connected by an edge E to the variable node xi and the factor node fj when
and only when xi is an argument of fj . A factor graph with n variable nodes and m function nodes has a binary adjacency matrix
defined as A ∈ {0, 1}n×m.

Message passing algorithms on factor graphs can efficiently perform exact inference by leveraging the structure of the factor graph.
Various message passing algorithms exist on factor graphs, such as the sum-product algorithm, max-sum algorithm, max-product
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algorithm, and min-sum algorithm. Max-product algorithm is equivalent to min-sum algorithm [10]; the only (completely superficial)
difference is that messages and beliefs are represented as probabilities rather than costs.

In signal processing, Hidden-Markov Models and Kalman filtering have been applied in various applications, and both techniques
are considered instances of the sum-product algorithm. Similarly, the Fast Fourier Transform (FFT) algorithm can also be viewed as an
instance of the sum-product algorithm. In this paper, we consider value decomposition algorithms in the field of MARL as an instance
of the max-sum algorithm.

Next, we will introduce the rules of the sum-product algorithm. The Sum-Product Update Rule:
The message sent from a node xi on an edge ε is the product of the local function at xi (or the unit function if xi is a variable
node) with all messages received at on edges other than ε, summarized for the variable associated with ε.

Let µxi→fj (xi) denote the message sent from node xi to node fj , let µfj→xi(xi) denote the message sent from node fj to node
xi. Also, let n(x) denote the set of neighbors of a given node x in a factor graph.

Variable to local function:
µxi→fj (xi) =

∏
h∈n(xi)\{fj}

µh→xi(xi) (40)

Local function to variable:
µfj→xi(xi) =

∑
∼{xi}

fj(Xj)
∏

y∈n(fj)\{xi}

µy→fj (y) (41)

The introduction of the generalized distributive law (GDL) [11] indicates that message passing algorithms such as sum-product,
max-product (min-sum), and max-sum can all be unified under a common framework based on commutative semirings. A commutative
semiring is a set K , together with two binary operations called “+” and “·”, which satisfy the following three axioms:

• The operation “+” is associative and commutative, and there is an additive identity element called “0” such that k+ 0 = k for
all k ∈ K . (This axiom makes (K,+) a commutative monoid.)

• The operation “·” is also associative and commutative, and there is a multiplicative identity element called “1” such that k·1 = k
for all k ∈ K . (Thus (K, ·) is also a commutative monoid.)

• The distributive law holds, i.e.,
(a · b) + (a · c) = a · (b+ c)

for all triples (a, b, c) from K .

The sum-product algorithm corresponds to the operators of a commutative semiring as follows: “+” and “·”. The max-sum algorithm
corresponds to the operators of a commutative semiring as follows: “max” and “+”. The operators corresponding to the max-product
and min-sum algorithms are as follows: “max” and “·”, “min” and “+”.

Based on the above explanation, we will now provide the rules for the max-sum algorithm, while the rules for the other message
passing algorithms will not be repeated.

Variable to local function:
µxi→fj (xi) =

∑
h∈n(xi)\{fj}

µh→xi(xi) (42)

Local function to variable:

µfj→xi(xi) = max
∼{xi}

fj(Xj) +
∑

y∈n(fj)\{xi}

µy→fj (y)

 (43)

APPENDIX B
ADDITIONAL NOTES FROM DDFG
As depicted in Figure 1, when the set of edges E is empty (i.e., At

′ = In), the algorithm becomes VDN. On the other hand, when every
two agents are connected to a factor node (i.e., E := {{i, j}, {i+k, j} | 1 ≤ i ≤ n, 1 ≤ k ≤ n−i, j = j+1(j = 1 ∼ n(n−1)/2)}),
the algorithm degenerates to DCG.

In Section IV-B of the main text, we propose to construct the advantage function Aj by GAE instead of the value function Qj .
This is precisely because the Qj function itself has too much variance, which is not conducive to the learning of graph policies. And
the advantage function Aj can better evaluate the goodness of graph policies. The design of the advantage function Aj is as follows:

ÂGAEj

(
τ jt ,u

j
t , At

)
:=

∞∑
t=0

(γλGAE)
l
(
Qj
(
τ jt ,u

j
t , At

)
− Vj

(
τ jt

))
(44)

where λGAE is the discount factor in GAE.
We construct the network of Vj

(
τ jt

)
by a network structure similar to that of Section III-A. Meanwhile, we construct a network

for the global value function Vtot. Vtot(st;ψ) denotes a network parameterized by ψ.
For Network Vtot(st;ψ) ,we update the network parameters directly with the TD-error:

LV (s, r;ψ) := E

[
1

T

T∑
t=0

(
rt + γVtot(st+1; ψ̄)− Vtot(st)

)2]
(45)
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Fig. 1: The graph structure representation of VDN, DCG and DDFG, using both coordination graph and factor graph.

where rt is the reward for performing action ut transitions to τt+1 in the observation history τt, ψ̄ is the parameter copied periodically
from ψ.

For Network Vj(τ
j
t ), we use the adjacency matrix At, we represent Vj(τt) as a network parameterized by ϕj . The joint value

function Ṽtot, represented by the factor graph G:

Ṽtot(τt, At) =
∑
j∈J

Vj(τt;ϕj) (46)

where J is the set of factor node numbers.
The network of Vj also share hit with Q-value function networks, using hit as an input to the network:

Ṽtot(τt, At) =
∑
j∈J

Vj(u
j
t | h

j
t ;ϕD(j)) (47)

Unlike the Q-value function network, the network of Vj does not need to go through the calculation of the max-sum algorithm. We
minimize the distance between the joint value function Ṽtot obtained by summing over the factor graph G and the global value function
Vtot(st;ψ), using a mean squared error (MSE) loss:

LV (τ , A;ϕ) := E

[
1

T

T∑
t=0

(
Ṽtot(τt, At;ϕ)− Vtot(st)

)2]
(48)

where τ = {τt}Tt=1.

APPENDIX C
SUPPLEMENTARY PROOF

C.1 Derivation of Equation (8)

Replace Kd with the constant Ck, and substitute it into Theorem 1:

E(Q̂tot(D))− E(Q⋆tot)

≤ 4CQBλ,2Bh,2

√
CK
ns

D∑
d=1

(
(Bw,2)

d
)
+
C1

C2
exp (−(CK + 1)

γ
) (n−D − 1) +

(
2(CQ)

2
+ CQ

)√2 log(4/δ)

ns

= 4CQBλ,2Bh,2Bw,2

√
CK
ns

(
(Bw,2)

D − 1

Bw,2 − 1

)
+
C1

C2
exp (−(CK + 1)

γ
) (n− 1−D) +

(
2(CQ)

2
+ CQ

)√2 log(4/δ)

ns

Let Cfinal1 = 4CQBλ,2Bh,2Bw,2
√

CK
ns

, Cfinal2 = C1

C2
exp (−(CK + 1)

γ
), Cfinal3 =

(
2(CQ)

2
+ CQ

)√
2 log(4/δ)

ns
+

C1

C2
exp (−(CK + 1)

γ
) (n− 1), substitute it into the above equation, and we obtain:

E(Q̂tot(D))− E(Q⋆tot) ≤ Cfinal1 ·
(Bw,2)

D − 1

Bw,2 − 1
− Cfinal2 ·D + Cfinal3 (49)
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C.2 Derivation of Equation (10)

To facilitate the derivation, we consider all factor nodes represented by At
′ as a single entity. Then, the action selection process aims

to solve the following problem:

u∗
t = argmax

ut
Qtot(τt,ut, At; θ, ψ)

= argmax
(u1
t ,...,u

n
t )

∑
j∈J

1∣∣JD(j)

∣∣Qj(ujt | hjt ; θD(j)) +
1

n

n∑
i=1

Qi(u
i
t | hit; θD(1))


= argmax

(u1
t ,...,u

n
t )

∑
j∈J′

Qj(u
j
t | h

j
t ; θD(j))


= argmax

(u1
t ,...,u

n
t )

∑
j∈J′

Qj({vi}{i,j}∈E′)



(50)

where J ′ = J
⋃
{m+ i}ni=1,E ′ = E

⋃
{{i, j} | 1 ≤ i ≤ n, j = j + 1(j = 1 ∼ n)}. For ease of writing, the normalized parameters

are omitted in the third line.

C.3 Derivation of Equation (17)

The derivation of Eq. (13) in Section IV-B of the main text is as follows:

Since the graph policy network parameters are φ, we first derive the derivatives of J(θ, ψ, φ) with respect to φ. Note that the
subsequent gradients are all found for φ, and the graph policies are determined by φ. For the sake of brevity of the derivation, we will
∇φ, πθ,ψ, vΠθ,ψ,φ , QΠθ,ψ,φ are abbreviated as ∇, π, vΠ, QΠ respectively.

∇φJ(θ, ψ, φ) = ∇φvΠθ,ψ,φ (s0) = ∇φ

 ∑
u0,A0

Πθ,ψ,φ (u0, A0 | s0)QΠ (s0,u0, A0)


= ∇φ

∑
u0

πθ,ψ (u0 | s0, A0)
∑
A0

ρφ (A0 | s0)QΠ (s0,u0, A0)



=
∑
u0


π (u0 | s0, A0)∇

∑
A0

ρφ (A0 | s0)QΠ (s0,u0, A0)

+ π (u0 | s0, A0)
∑
A0

ρφ (A0 | s0)∇QΠ (s0,u0, A0)



=
∑
u0


π (u0 | s0, A0)

∑
A0

∇ρφ (A0 | s0)QΠ (s0,u0, A0)

+ π (u0 | s0, A0)
∑
A0

ρφ (A0 | s0)∇
∑
s1,r1

p(s1, r1 | s0,u0, A0) (r1 + γvΠ (s1))


=

∑
u0

π (u0 | s0, A0)
∑
A0

∇ρφ (A0 | s0)QΠ (s0,u0, A0)

+
∑
u0

π (u0 | s0, A0)
∑
A0

ρφ (A0 | s0)
∑
s1

p(s1 | s0,u0, A0) · γ∇vΠ (s1)

=
∑
u0

π (u0 | s0, A0)
∑
A0

∇ρφ (A0 | s0)QΠ (s0,u0, A0)

+
∑
u0

π (u0 | s0, A0)
∑
A0

ρφ (A0 | s0)
∑
s1

p(s1 | s0,u0) · γ
∑
u1

π (u1 | s1, A1)∑
A1

∇ρφ (A1 | s1)QΠ (s1,u1, A1)

+
∑
u0

π (u0 | s0, A0)
∑
A0

ρφ (A0 | s0)
∑
s1

p(s1 | s0,u0) · γ
∑
u1

π (u1 | s1, A1)∑
A1

∇ρφ (A1 | s1)
∑
s2

p(s2 | s1,u1, A1) · γ∇vΠ (s1)
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∇φJ(θ, ψ, φ) =
∑
u0

π (u0 | s0, A0)
∑
A0

∇ρφ (A0 | s0)QΠ (s0,u0, A0)

+
∑
u0

π (u0 | s0, A0)
∑
A0

ρφ (A0 | s0)
∑
s1

p(s1 | s0,u0) · γ
∑
u1

π (u1 | s1, A1)∑
A1

∇ρφ (A1 | s1)QΠ (s1,u1, A1) + · · ·

=
∑
s0

Pr (s0 → s0, 0,Π)
∑
u0

π (u0 | s0, A0)
∑
A0

∇ρφ (A0 | s0) γ0QΠ (s0,u0, A0)

+
∑
s1

Pr (s0 → s1, 1,Π)
∑
u1

π (u1 | s1, A1)
∑
A1

∇ρφ (A1 | s1) γ1QΠ (s1,u1, A1) + · · ·

=
∑
s0

Pr (s0 → s0, 0,Π)
∑
u0

π (u0 | s0, A0)
∑
A0

ρφ (A0 | s0)
[
γ0QΠ (s0,u0, A0)∇ ln ρφ (A0 | s0)

]
+

∑
s1

Pr (s0 → s1, 1,Π)
∑
u1

π (u1 | s1, A1)
∑
A1

ρφ (A1 | s1)
[
γ1QΠ (s1,u1, A1)∇ ln ρφ (A1 | s1)

]
+ · · ·

=

∞∑
t=0

∑
st

Pr (s0 → st, t,Π)
∑
ut

π (ut | st, At)
∑
At

ρφ (At | st)
[
γtQΠ (st,ut, At)∇ ln ρφ (At | st)

]
where γ is the discount factor, Pr (s0 → s0, 0,Π) = 1, Pr (s0 → s1, 1,Π) =

∑
u0

Π(u0 | s0) p (s1 | s0,u0, A0) =∑
a0
π (u0 | s0)

∑
A0
ρφ (A0 | s0) p (s1 | s0,u0, A0).

Then, we sum over t moments in ∇J :

∇φJ(θ, ψ, φ)

=
∞∑
t=0

∑
st

Pr (s0 → st, t,Π)
∑
ut

π (ut | st, At)∑
At

ρφ (At | st)
[
γtQΠ (st,ut, At)∇ ln ρφ (At | st)

]
=

∞∑
t=0

∑
st

γt Pr (s0 → st, t,Π)
∑
ut

π (ut | st, At)∑
At

ρφ (At | st) [QΠ (st,ut, At)∇ ln ρφ (At | st)]

=
∑
x∈S

∞∑
t=0

γt Pr (s0 → x, t,Π)
∑
u

π (u | x,A)∑
A

ρφ (A | x) [QΠ (x,u, A)∇ ln ρφ (A | x)]

=
∑
x∈S

dΠ (x)
∑
u

π (u | x,A)
∑
A

ρφ (A | x) [QΠ (x,u, A)∇ ln ρφ (A | x)]

(51)

where dΠ (x) =
∞∑
t=0

γt Pr (s0 → x, t,Π) is the discounted state distribution.

Finally, write ∇J in the expected form:

∇φJ(θ, ψ, φ)
=
∑
x∈S

dΠ (x)
∑
u

π (u | x,A)
∑
A

ρφ (A | x) [QΠ (x,u, A)∇ ln ρφ (A | x)]

=
1

1− γ
∑
x∈S

(1− γ) dΠ (x)
∑
u

π (u | x,A)
∑
A

ρφ (A | x) [QΠ (x,u, A)∇ ln ρφ (A | x)]

=
1

1− γ
∑
x∈S

DΠ (x)
∑
u

π (u | x,A)
∑
A

ρφ (A | x) [QΠ (x,u, A)∇ ln ρφ (A | x)]

=
1

1− γ E
s∼DΠ

A∼ρφ
u∼π

[QΠ (s,u, A)∇ ln ρφ (A | s)]

∝ E
s∼DΠ

A∼ρφ
u∼π

[QΠ (s,u, A)∇ ln ρφ (A | s)]
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where DΠ (x) is the standard distribution and
∑
x∈S

DΠ (x) = 1.∑
x∈S

DΠ (x) = (1− γ)
∑
x∈S

dΠ (x)

= (1− γ)
∑
x∈S

∞∑
t=0

γt Pr (s0 → x, t,Π)

= (1− γ)
∞∑
t=0

γt
∑
x∈S

Pr (s0 → x, t,Π)

= (1− γ)
∞∑
t=0

γt

= 1

We usually ignore the scale factor so that the final form of ∇J is:

∇φJ(θ, ψ, φ) = E
(s,u,A)∼T

[QΠ (s,u, A)∇ ln ρφ (A | s)] (52)

where T =
(
s0, {oi0}ni=1, A0, u

i
o, r0, . . . , sT , {oiT }ni=1

)
.

C.4 Proof of Lemma 1

Lemma 1. (The Lipschitz condition for MSE loss) A loss function L (f(x), y) is the MSE loss, and f(x) ∈ [−C/2, C/2], then
L (f(x), y) be 2C-Lipschitz.

Proof. It is known that L (f(x), y) is the MSE loss, that is, L (f(x), y) = (f(x)− y)2. Then, ∂L∂f = 2(f − y), and we already
know that f(x) ∈ [−C/2, C/2]. We can derive that max |2(f − y)| = 2C .

According to the Derivative Lipschitz Theorem, if a function is differentiable and its derivative is bounded, then the function is
Lipschitz continuous, and the Lipschitz constant L is equal to the maximum value of the derivative. Thus, the MSE loss be 2C-Lipschitz
within [−C/2, C/2].

C.5 Proof of Theorem 1

Theorem 1. Let L be 2CQ − Lipschitz, δ ∈ (0, 1], and Assumption 1 hold with constants {C1, C2, γ}. The generalization error for

the optimal global value function Q⋆tot be E(Q⋆tot) and the generalization error for the empirical risk minimizer Q̂D,Ktot be E(Q̂D,Ktot )
with K = {Kd}Dd=1. Then, we have for L2−regularized ERM, where

∥∥wdk(uit)∥∥2 ≤ Bw,2, 1 ≤ d ≤ D, Bh,2 = suph
∥∥Q̄i∥∥2,

and ∥λ∥2 ≤ Bλ,2 where λ = {{λdk}Kdk=1}Dd=1, with probability at least 1− δ,

E(Q̂D,Ktot )− E(Q⋆tot) ≤ 4CQBλ,2Bh,2

D∑
d=1

(
(Bw,2)

d

√
Kd

ns

)

+
n∑

d=D+1

C1

C2
exp (−(Kd + 1)

γ
) +

(
2(CQ)

2
+ CQ

)√2 log(4/δ)

ns

(53)

where ns denotes the number of samples, Kd denotes the tensor rank for each order d.

Proof. For any function f : X → Y and any bounded 2C-Lipschitz loss function, the training error over ns samples as,

Êns(f) =
1

ns

ns∑
i=1

L(f(xi), y)

Similarly, we define the expected risk over the sample distribution B,

E(f) = E(x,y)∼B[L(x, y)]

Our objective is to bound the expected risk of the ERM low-rank decomposed global value function E(Q̂D,Ktot ) with the maximum
order D and its corresponding rank K = {Kd}Dd=1, i.e., E(Q⋆tot). Note that there are no restrictions on the order and rank of E(Q⋆tot).
Then, we define the global optimal Q-value:

Q⋆tot = argmin
θ

(E(Qtot(·; θ)))

Similarly, we have that the empirical risk minimizer low-rank decomposed global value function E(Q̂D,Ktot ) satisfies,
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Q̂D,Ktot = argmin
θ

(Êns(Qtot(·; θ))) (54)

We can now begin the proof. For the optimal global value function Q⋆tot, we denote the corresponding singular values as
{{λ⋆dk}

Kmax
d

k=1 }nd=1(n denotes the number of agents, and the maximum order of the corresponding global value function is n), the

network parameter as {{w⋆dk}
Kmax
d

k=1 }nd=1, the bias as f⋆0 . We will bound the excess risk E(Q̂D,Ktot ) − E(Q⋆tot) by introducing a third

global value function Q̃D,Ktot which is defined as a truncated version of Q⋆tot with the maximum order D and its corresponding rank
K = {Kd}Dd=1. Specifically, we set the singular values as {{λ̃dk}

Kmax
d

k=1 }nd=1, the network parameter as {{w̃dk}
Kmax
d

k=1 }nd=1, the bias as
f̃0 as,

For 1 ≤ k ≤ Kd, 1 ≤ d ≤ D, λ̃dk = λ⋆dk, w̃dk = w⋆dk, f̃0 = f⋆0

Thus, we can write the error upper bound as:

E(Q̂D,Ktot )− E(Q⋆tot) = E(Q̂
D,K
tot )− Êns(Q̂

D,K
tot )︸ ︷︷ ︸

(A)

+ Êns(Q̂
D,K
tot )− Êns(Q̃

D,K
tot )︸ ︷︷ ︸

≤0

+ Êns(Q̃
D,K
tot )− E(Q⋆tot)︸ ︷︷ ︸

(B)

(55)

The term Êns(Q̂
D,K
tot )− Ên(Q̃D,Ktot ) ≤ 0 since Q̂D,Ktot minimizes the empirical risk(Eq. 54). Therefore, we need to restrict (A) and

(B) in sequence and calculate their upper bounds respectively.

(A) According to Lemma 1, Theorem 8 of Bartlett and Mendelson [12], and McDiarmid’s inequality, We have that with probability
at least 1− δ/2 for any δ ∈ (0, 1],

E(Q̂D,Ktot )− Êns(Q̂
D,K
tot ) ≤ Rn(L ◦Q(ΘD,K)) + 2(CQ)

2

√
2 log(4/δ)

ns
(56)

where Rns(F) = Eϵ[sup
f∈F

1
ns

ns∑
i=1

ϵif(xi)] is the empirical Rademacher complexity of the function family F .

According to Lemma 1, Rns(L ◦Q(ΘK,d)) ≤ 2 · 2CQ · Rns(Q) = 4CQ
D∑
d=1

1
|Jd|

∑
j∈Jd
Rj(Qd).

We have Qj,d =
Kd∑
k=1

λdk
d∏
i=1

〈
wdk(u

i
t), h

i
t

〉
,with ∥λk∥2 ≤ ∥λ∥2 ≤ Bλ,2, λ = {λdk}Kdk=1, substituting it into a, we obtain:

Rj(Qd) = Eϵ[sup ∥λdk∥2≤Bλ,2
∥wdk(uit)∥2≤Bw,2

1

ns

ns∑
s=1

ϵs

Kd∑
k=1

λdk

d∏
i=1

〈
wdk(u

i
t), h

i
t

〉
]

According to the Cauchy-Schwarz inequality and the independent and identically distributed (i.i.d.) assumption:

Rj(Qd) = Eϵ[sup ∥λdk∥2≤Bλ,2
∥wdk(uit)∥2≤Bw,2

1

ns

Kd∑
k=1

λdk

ns∑
s=1

ϵs

d∏
i=1

〈
wdk(u

i
t), h

i
t

〉
]

≤ 1

ns
sup

∥λdk∥2≤Bλ,2

(
Kd∑
k=1

λ2dk

)1/2

·

√√√√√Kd∑
k=1

Eϵ[ sup
∥wdk(uit)∥2≤Bw,2

ns∑
s=1

ϵs

(
d∏
i=1

〈
wdk(uit), h

i
t

〉)2

]

≤ 1

ns
Bλ,2 ·

√√√√√Kd∑
k=1

Eϵ[ sup
∥wdk(uit)∥2≤Bw,2

ns∑
s=1

ϵ2s ·
d∏
i=1

〈
wdk(uit), h

i
t

〉2
]

According to the Khintchine inequality:√√√√√Kd∑
k=1

Eϵ[ sup
∥wdk(uit)∥2≤Bw,2

ns∑
s=1

ϵ2s ·
d∏
i=1

〈
wdk(uit), h

i
t

〉2
] ≤

√√√√Kd∑
k=1

ns∑
s=1

d∏
i=1

〈
wdk(uit), h

i
t

〉2

≤ (Bw,2)
d

√√√√Kd∑
k=1

ns(Bh,2)
d

There is an inherent problem in learning high-order local Q-values: as the order of interaction terms increases, the product of
two features differs from the original values by an order of magnitude,and consequently, higher-order products are progressively
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disproportionate. To mitigate this, we rescale features such that (a) the scale is preserved across terms, and (b) the variance in
interactions is captured. We scale the Q-values, Q̄i = sign(Q̄i) · Q̄1/d

i and we define Bh,2 = suph
∥∥Q̄i∥∥2, then we get:

Rj(Qd) ≤
1

ns
Bλ,2 · (Bw,2)dBh,2

√√√√Kd∑
k=1

ns

= Bλ,2Bh,2 · (Bw,2)d
√
Kd

ns

(57)

Substituting Eq. 57 into Rns(L ◦Q(ΘK,d)):

Rns(L ◦Q(ΘD,K)) ≤ 4CQ

D∑
d=1

1

|Jd|
∑
j∈Jd

Bλ,2Bh,2 · (Bw,2)d
√
Kd

ns

= 4CQBλ,2Bh,2

D∑
d=1

(
(Bw,2)

d

√
Kd

ns

)
Finally, the term (A) becomes:

E(Q̂D,Ktot )− Êns(Q̂
D,K
tot ) ≤ 4CQBλ,2Bh,2

D∑
d=1

(
(Bw,2)

d

√
Kd

ns

)
+ 2(CQ)

2

√
2 log(4/δ)

ns
(58)

(B) The derivation of term (B):

Êns(Q̃
D,K
tot )− E(Q⋆tot) = Êns(Q̃

D,K
tot )− E(Q̃D,Ktot ) + E(Q̃D,Ktot )− E(Q⋆tot)

≤
∣∣∣∣Êns(Q̃D,Ktot )− E(Q̃D,Ktot )

∣∣∣∣︸ ︷︷ ︸
(B.1)

+

∣∣∣∣E(Q̃D,Ktot )− E(Q⋆tot)
∣∣∣∣︸ ︷︷ ︸

(B.2)

(59)

(B.1) We can apply the Azuma-Hoeffding inequality [13]:

P

(∣∣∣∣Êns(Q̃D,Ktot )− E(Q̃D,Ktot )

∣∣∣∣ ≥ t) ≤ 2 exp

(
− 2n2t2∑ns

i=1 c
2
i

)
≤ 2 exp

(
− 2n2t2∑ns

i=1 (2CQ)
2

)
Then, we obtain with probability at least 1− δ/2, δ ∈ (0, 1]:∣∣∣∣Êns(Q̃D,Ktot )− E(Q̃D,Ktot )

∣∣∣∣ ≤ CQ
√

2 log(4/δ)

ns
(60)

(B.2) According to Lemma 1:∣∣∣∣E(Q̃D,K
tot )− E(Q⋆tot)

∣∣∣∣ ≤ ∣∣∣∣E(ht,y)∼B

[
L(Q̃K,dtot (ht), y)− L(Q⋆tot(ht), y)

]∣∣∣∣
≤ E(ht,y)∼B

[∣∣∣∣L(Q̃K,dtot (ht), y)− L(Q⋆tot(ht), y)
∣∣∣∣]

≤ E(ht,y)∼B

[∣∣∣∣2CQ · ∣∣∣∣Q̃K,dtot (ht)− y
∣∣∣∣− 2CQ · |Q⋆tot(ht)− y|

∣∣∣∣]
≤ 2CQ · E(ht,y)∼B

[∣∣∣∣Q̃K,dtot (ht)−Q⋆tot(ht)
∣∣∣∣]

≤ 2CQ · sup
ht

∣∣∣∣Q̃K,dtot (ht)−Q⋆tot(ht)
∣∣∣∣

In the main text, we present the decomposition form of the global value function:

Qtot(τt,ut) = f0 +
1

n

n∑
i=1

〈
w1(u

i
t), h

i
t

〉
+

1

|J2|
∑
j∈J2

K2∑
k=1

λ2k

2∏
i=1

〈
w2k(u

i
t), h

i
t

〉
+ · · ·+

Kn∑
k=1

λnk

n∏
i=1

〈
wnk(u

i
t), h

i
t

〉
(61)

According to the preceding text, we define the truncated version of Q⋆tot and substitute Eq. (61) into it to obtain:
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∣∣∣∣Q̃D,Ktot (ht)−Q⋆tot(ht)
∣∣∣∣ =

∣∣∣∣∣∣
n∑

d=D+1

1

|Jd|
∑
j∈Jd

Kmax
d∑

k=Kd+1

λ⋆dk

d∏
i=1

〈
wdk(u

i
t), h

i
t

〉∣∣∣∣∣∣
≤

n∑
d=D+1

1

|Jd|
∑
j∈Jd

Kmax
d∑

k=Kd+1

∣∣∣∣∣λ⋆dk
d∏
i=1

〈
wdk(u

i
t), h

i
t

〉∣∣∣∣∣
≤ Bh,2

n∑
d=D+1

(Bw,2)
d 1

|Jd|
∑
j∈Jd

Kmax
d∑

k=Kd+1

|λ⋆dk|

According to Lemma 2:

Kmax
d∑

k=Kd+1

|λ⋆dk| ≤
Kmax
d∑

k=Kd+1

C1 · exp (−C2 · kγ) ≤
∫ ∞

k=Kd+1
C1 · exp (−C2 · kγ)

According to Equation E.16 from Yang et al. [14], and given γ > 1:∣∣∣∣Q̃D,Ktot (ht)−Q⋆tot(ht)
∣∣∣∣ ≤ n∑

d=D+1

1

|Jd|
∑
j∈Jd

C1

C2
exp (−(Kd + 1)

γ
)

=
n∑

d=D+1

C1

C2
exp (−(Kd + 1)

γ
)

1

|Jd|
∑
j∈Jd

1

=
n∑

d=D+1

C1

C2
exp (−(Kd + 1)

γ
)

We combine (B.1) and (B.2), we obtain with probability at least 1− δ/2, δ ∈ (0, 1]:

Êns(Q̃
D,K
tot )− E(Q⋆tot) ≤

n∑
d=D+1

C1

C2
exp (−(Kd + 1)

γ
) + CQ

√
2 log(4/δ)

ns
(62)

Finally, we combine (A) and (B), we obtain with probability at least 1− δ, δ ∈ (0, 1]:

E(Q̂D,Ktot )− E(Q⋆tot)

≤ 4CQBλ,2Bh,2

D∑
d=1

(
(Bw,2)

d

√
Kd

ns

)
+ 2(CQ)

2

√
2 log(4/δ)

ns
+

n∑
d=D+1

C1

C2
exp (−(Kd + 1)

γ
) + CQ

√
2 log(4/δ)

ns

= 4CQBλ,2Bh,2

D∑
d=1

(
(Bw,2)

d

√
Kd

ns

)
+

n∑
d=D+1

C1

C2
exp (−(Kd + 1)

γ
) +

(
2(CQ)

2
+ CQ

)√2 log(4/δ)

ns

(63)

C.6 Proof of Proposition 1
Because X ∼ PDmax

(Dmax : p1, p2, . . . , pN ), there are m1 +m2 + · · ·+mN = Dmax. When maxmi = 1, Qj connects exactly
Dmax agents, and its order is Dmax; when maxmi > 1, there must be at least one agent i and Qj is connected more than once, then
the number of connected agents Qj is less than Dmax, and its order is less than Dmax. So for each Qj , its maximum order is Dmax,
that is, Dmax is The maximum order in the algorithm.

C.7 Proof of Proposition 2
Through Proposition 1, it can be seen that the "sub-policy" corresponding to Qj needs to be able to generate a collaborative relationship
of D ≤ Dmax agents. When the order Qj generated by "sub-policy" is Dj , Qj will be the same as Dj agents are connected, and
the set of Dj agents is defined as G ∈ HDj , HDj = {{i1, . . . , id, . . . , iDj} | id ∈ {1, 2, . . . , N}}. Then the probability of the
"sub-policy" corresponding to Qj is the probability of Qj being connected to all agents in G:

P̃{G} =
∑

{m1,...,mN}∈Hm

P{X1 = m1, X2 = m2, . . . , XN = mN} (64)

where Hm = {{m1, . . . ,mN} |
∑
id∈Gmid = Dmax,∀id ∈ G,mid ≥ 1}.

Then, it is necessary to prove that P̃{G} is the probability mass function of the class multinomial distribution P̃Dmax
(Dmax :

p1, p2, . . . , pN ).

(1) P̃{G} ≥ 0
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Because P{X1 = m1, X2 = m2, . . . , XN = mN} is the multinomial distribution PDmax
(Dmax : p1, p2, . . . , pN )

probability mass function, and P{X1 = m1, X2 = m2, . . . , XN = mN} ≥ 0, then according to Eq.(77), P̃{G} ≥ 0.
(2)

∑Dmax

Dj=1

∑
G∈HDj

P̃{G} = 1

Because P{X1 = m1, X2 = m2, . . . , XN = mN} is the probability mass function of multinomial distribution
PDmax(Dmax : p1, p2, . . . , pN ), and we have:∑

m1+m2+···+mN=Dmax

P{X1 = m1, X2 = m2, . . . , XN = mN} = 1 (65)

where there are a total of CN−1
Dmax+N−1 items in Eq.(65).

Dmax∑
Dj=1

∑
G∈HDj

P̃{G}

=
Dmax∑
Dj=1

∑
G∈HDj

∑
{m1,...,mN}∈Hm

P{X1 = m1, X2 = m2, . . . , XN = mN}
(66)

Next, we will calculate how many terms there are in equation Eq.(66):

Dmax∑
Dj=1

∑
G∈HDj

∑
{m1,...,mN}∈Hm

1 =
Dmax∑
Dj=1

C
Dj
N C

Dj−1
Dmax−1 =

Dmax∑
Dj=1

C
Dj
N C

Dmax−Dj
Dmax−1

=
Dmax∑
Dj=0

C
Dj
N C

Dmax−Dj
Dmax−1 = CDmax

N+Dmax−1 = CN−1
N+Dmax−1

(67)

According to the definition of HDj , for different Dj , HDj are disjoint with each other; and the composition of Hm depends on
G and corresponds to G one-to-one, while G ∈ HDj , so there is no intersection between Hm. Then it means that there are no
duplicates in the summation of P{X1 = m1, . . . , XN = mN}. Through Eq. (67), we know that there are CN−1

N+Dmax−1 terms
in Eq. (66), and each term is The probability mass function in the multinomial distribution PDmax

(Dmax : p1, p2, . . . , pN ),
and does not repeat, then you can get

∑Dmax

Dj=1

∑
G∈HDj

P̃{G} = 1.

C.8 Proof of Theorem 2

Theorem 2. (Graph Policy Improvement Lower Bound). Consider the behavior (trajectory-collecting) graph policy ρold. For the current
graph policy ρnew that we need to improve, we have

J(ρnew)− J(ρold) ≥
1

1− γ E
s∼DΠold

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]

− CΠγ

(1− γ)2
E

(s,A)∼DΠold

[∣∣∣∣ρnew(A|s)ρold(A|s)
− 1

∣∣∣∣]
(68)

where J denotes the objective function optimized in reinforcement learning, CΠ = max
s∈S

∣∣∣∣∣∣ E
A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]

∣∣∣∣∣∣, Π =

ρ (A|s)π (u|s,A) denotes the joint policy of all agent policies.

Proof. The proof process of Theorem 2 mainly refers to CPO [15] and GePPO [16]. We define, during learning, the discrepancy
between the new graph policy and the old graph policy after each update as follows:

J(ρnew)− J(ρold) = Es0,A0,u0,s1,A1,u1,...

[ ∞∑
t=0

γtAρold(st, At,ut)
]

Rearranging the above equation, we obtain:

J(ρnew) = J(ρold) + Es0,A0,u0,s1,A1,u1,...

[ ∞∑
t=0

γtAρold(st, At,ut)
]

= J(ρold) +
∞∑
t=0

γt
∑
st

p(st|st−1,ut−1, At−1)
∑
At

ρnew (At|st)
∑
ut

πold (ut|st, At)Aρold,πold(st, At,ut)

= J(ρold) +
∑
s

∞∑
t=0

γtpρnew(s)
∑
A

ρnew (A|s)
∑
u

πold (u|s,A)Aρold,πold(s,A,u)
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Starting from the above equation, we obtain:

J(ρnew)− J(ρold) =
∑
s

∞∑
t=0

γtpρnew(s)
∑
A

ρnew (A|s)
∑
u

πold (u|s,A)Aρold,πold(s,A,u)

=
1

1− γ
∑
s

(1− γ)
∞∑
t=0

γtpρnew(s)
∑
A

ρnew (A|s)
∑
u

πold (u|s,A)Aρold,πold(s,A,u)

=
1

1− γ E
s∼DΠnew

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]

where DΠnew = (1− γ)
∑∞
t=0 p(st = s|ρnew, πold) is the discounted future state distribution.

By doing so, we have

J(ρnew)− J(ρold) =
1

1− γ E
s∼DΠnew

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]

=
1

1− γ E
s∼DΠold

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)] +
1

1− γ

 E
s∼DΠnew

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]− E
s∼DΠold

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]



≥ 1

1− γ E
s∼DΠold

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]−
1

1− γ

∣∣∣∣∣∣∣∣∣ E
s∼DΠnew

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]− E
s∼DΠold

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]

∣∣∣∣∣∣∣∣∣

(69)

We bound the second term in Eq. (69) using Hölder’s inequality:

J(ρnew)− J(ρold)

≥ 1

1− γ E
s∼DΠold

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]−
1

1− γ

∥∥∥DΠnew −DΠold
∥∥∥
1

∥∥∥∥∥∥ E
A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]

∥∥∥∥∥∥
∞

(70)

Define:

∥∥∥∥∥∥ E
A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]

∥∥∥∥∥∥
∞

= max
s∈S

∣∣∣∣∣∣ E
A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]

∣∣∣∣∣∣ = CΠ (71)

Substituting Lemma 2 and Eq. (71) into Eq. (70), we obtain:

J(ρnew)− J(ρold)

≥ 1

1− γ E
s∼DΠold

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]−
1

1− γ
2γ

1− γ E
s∼DΠold

[DTV (ρnew||ρold)[s]]CΠ

=
1

1− γ E
s∼DΠold

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]−
2CΠγ

(1− γ)2
E

s∼DΠold

[DTV (ρnew||ρold)[s]]

According to the definition of the total variation distance:
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J(ρnew)− J(ρold)

≥ 1

1− γ E
s∼DΠold

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]−
2CΠγ

(1− γ)2
E

s∼DΠold

[
1

2

∫
A
|ρnew(A|s)− ρold(A|s)|dA

]

=
1

1− γ E
s∼DΠold

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]−
CΠγ

(1− γ)2
E

s∼DΠold

[∫
A
ρold(A|s)

∣∣∣∣ρnew(A|s)ρold(A|s)
− 1

∣∣∣∣dA]

=
1

1− γ E
s∼DΠold

A∼ρnew
u∼πold

[Aρold,πold(s,A,u)]−
CΠγ

(1− γ)2
E

(s,A)∼DΠold

[∣∣∣∣ρnew(A|s)ρold(A|s)
− 1

∣∣∣∣]

Lemma 2.
∥∥DΠnew −DΠold

∥∥
1

is defined by the average discrepancy between the joint policies Πnew and Πold:∥∥∥DΠnew −DΠold
∥∥∥
1
≤ 2γ

1− γ E
s∼DΠold

[DTV (ρnew||ρold)[s]] (72)

where E
s∼DΠold

[DTV (ρnew||ρold)[s]] = (1/2)
∑
A |ρnew(A|s)− ρold(A|s)|.

According to Eq. (18) in CPO [15], we have:

DΠ = (1− γ)(I − λPΠ)
−1
µ

Define the following identities, Gnew
.
= (I − γPΠnew)

−1
, Gold

.
= (I − γPΠold)

−1 and ∆ = PΠnew − PΠold .
According to Eq. (21) in CPO [15], we have:

DΠnew −DΠold = γGold∆D
Πold

Substituting the above into the equation, we obtain:∥∥∥DΠnew −DΠold
∥∥∥
1
= γ

∥∥∥Gold∆DΠold
∥∥∥
1

≤ γ∥Gold∥1
∥∥∥∆DΠold

∥∥∥
1

(73)

∥Gold∥1 is bounded by:

∥Gold∥1 =
∥∥∥(I − γPΠold)

−1
∥∥∥
1
≤

∞∑
t=0

γt ∥PΠold∥
t
1 = (1− γ)−1 (74)

∥∥∆DΠold
∥∥
1

is bounded by:

∥∥∥∆DΠold
∥∥∥
1
=
∑
snew

∣∣∣∣∣∑
sold

∆(s′|s)DΠold(s)

∣∣∣∣∣
≤
∑
s,s′

|∆(s′|s)|DΠold(s)

=
∑
s,s′

∣∣∣∣∣∣
∑
u,A

p(s′|s, u,A)πold(u|A, s)(ρnew(A|s)− ρold(A|s))

∣∣∣∣∣∣DΠold(s)

≤
∑

s,u,A,s′

p(s′|s, u,A)πold(u|A, s) |ρnew(A|s)− ρold(A|s)|DΠold(s)

=
∑
s,u,A

πold(u|A, s) |ρnew(A|s)− ρold(A|s)|DΠold(s)

=
∑
s,A

|ρnew(A|s)− ρold(A|s)|DΠold(s)

= 2 E
s∼DΠold

[DTV (ρnew||ρold)[s]]

(75)

Substituting Eqs. (74) and (75) into Eq. (73), we obtain:
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∥∥∥DΠnew −DΠold
∥∥∥
1

≤ γ(1− γ)−1 × 2 E
s∼DΠold

[DTV (ρnew||ρold)[s]]

≤ 2γ

1− γ E
s∼DΠold

[DTV (ρnew||ρold)[s]]

C.9 Proof of Proposition 3
The global function Qtot can be decomposed into the sum of local value functions Qj :

ρφ (At | τt)
ρφold (At | τt)

Qtot (τt,ut, At)

=
ρφ (At | τt)
ρφold (At | τt)

∑
j∈J

Qj
(
τ jt ,u

j
t , At

)
=
∑
j∈J

ρφ (At | τt)
ρφold (At | τt)

Qj
(
τ jt ,u

j
t , At

)
Because the value of each local value function Qj is only related to the agent it is connected to, and has nothing to do with the

connection relationship of other local value functions, so in the graph policy evaluated by Qj , items unrelated to j can be ignored, that
is, Qj accurately evaluates the "sub-policy" of Qj connected to the agent. . At the same time, the random variable corresponding to the
"sub-policy" is ρ(Qj) ∼ P̃Dmax

(Dmax : p1, p2, . . . , pN ), then by Definition 1 available:∑
j∈J

ρφ (At | τt)
ρφold (At | τt)

Qj
(
τ jt ,u

j
t , At

)

=
∑
j∈J

∑
{mj,1,...,mj,N}∈Hm

Pφ{Xj,1 = mj,1, . . . , Xj,N = mj,N}∑
{mj,1,...,mj,N}∈Hm

Pφold{Xj,1 = mj,1, . . . , Xj,N = mj,N}
Qj
(
τ jt ,u

j
t , At

)

=
∑
j∈J

( ∑
{mj,1,...,mj,N}∈Hm

C!
mj,1!···mj,N !p

mj,1
j,1 · · · p

mj,N
j,N

)
φ( ∑

{mj,1,...,mj,N}∈Hm

C!
mj,1!···mj,N !p

mj,1
j,1 · · · p

mj,N
j,N

)
φold

Qj
(
τ jt ,u

j
t , At

)

Since the graph policy uses importance sampling, there is At ∼ Told, which means that sample the same graph structure under φ
and φold, that is, (mj,1! · · ·mj,N !)φ = (mj,1! · · ·mj,N !)φold , then we can get:

∑
j∈J

∑
{mj,1,...,mj,N}∈Hm

Pφ{Xj,1 = mj,1, . . . , Xj,N = mj,N}∑
{mj,1,...,mj,N}∈Hm

Pφold{Xj,1 = mj,1, . . . , Xj,N = mj,N}
Qj
(
τ jt ,u

j
t , At

)

=
∑
j∈J

∑
{mj,1,...,mj,N}∈Hm

(
p
mj,1
j,1 · · · p

mj,N
j,N

)
φ(

p
mj,1
j,1 · · · p

mj,N
j,N

)
φold

Qj
(
τ jt ,u

j
t , At

)

=
∑
j∈J

Pφ,j (mj)

Pφold,j (mj)
Qj
(
τ jt ,u

j
t , At

)
Finally got:

ρφ (At | τt)
ρφold (At | τt)

Qtot (τt,ut, At) =
∑
j∈J

Pφ,j (mj)

Pφold,j (mj)
Qj
(
τ jt ,u

j
t , At

)
(76)

APPENDIX D
SUPPLEMENTARY EXPERIMENTS

D.1 HO-Predator-Prey
The experimental environment is formulated as a complex 10×10 grid, wherein nine agents are tasked with the capture of six prey
entities. Agents are endowed with the capacity to navigate in one of the four cardinal directions, remain stationary, or engage in a capture
action. Actions deemed unfeasible, such as moving to an already occupied space or attempting a capture action outside the eight adjacent
squares surrounding a prey, are systematically restricted. Prey exhibit random movement within the four cardinal directions and will
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Fig. 2: Median test return for the Higher-order Predator-Prey task with different factor graph sparity psparity .

remain stationary should all adjacent positions be occupied. Upon successful capture, prey are removed from the grid, permitting agents
to pursue subsequent targets. Each agent’s perceptual field encompasses a 5×5 subgrid centered upon its location. Agents and prey that
have been removed from play are rendered invisible within the simulation. An episode reaches its conclusion either when all prey have
been captured or after the elapse of 200 time steps.

Hyper-parameters: The implementation of all algorithms adheres to the MARLBenchmark framework, with the source code
accessible via https://github.com/SICC-Group/DDFG.

For all tasks, a discount factor γ = 0.98 is employed alongside ϵ-greedy exploration strategy. This strategy initiates with ϵ = 1 and
linearly decays to ϵ = 0.05 over the first 50,000 time steps. Evaluation occurs every 2,000 steps through the execution of ten greedy
test trajectories at ϵ = 0. Each algorithm undergoes three independent trials, with the mean and standard error computed for each trial’s
outcomes.

A replay buffer, with a capacity for 5,000 entries, is maintained across all algorithms, alongside normalization of rewards contained
within. A recurrent neural network (RNN) hψ processes agent observations across all methodologies. The Adam optimization algorithm
is uniformly applied. For VDN, QMIX, MADDPG, QTRAN, and QPLEX, a learning rate of 7× 10−4 is set, while CW-QMIX, OW-
QMIX, DCG, SOPCG, and CASEC adopt a learning rate of 1 × 10−3. Within DDFG, the Q-value and V-value function networks
utilize a learning rate of 1× 10−3, whereas the graph policy network employs a learning rate of 1× 10−5. DCG incorporates a fully
connected graph structure E := {{i, j} | 1 ≤ i < n, i < j ≤ n}. The DDFG constrains the local value function’s highest order to 3
and incorporates a distinct replay buffer, with a capacity of 8 entries, for the graph policy (referencing PPO), setting the constant λH at
0.01.

• the selection of the number of factor nodes m: In the experiment, the selection of m is related to the pre-set upper limit D
of the factor graph order.

CDn ∗ psparity (77)

where CdDn is the combination number, n represents the number of agents, and psparity ∈ (0, 1] represents the sparsity of the
factor graph.
CDn represents the maximum number of combinations of selecting D agents from a factor graph with n agents and a maximum
order of D.

To verify the impact of psparity on the algorithm’s performance, we conducted ablation experiments in the high-order predator-prey
scenario (with p = −1.5, rt = 0), and the results are shown in Figure 2. We can observe that as the psparity increases, the algorithm’s
performance continuously improves. It is evident that the number of factor nodes still has a significant impact on the algorithm. As the
sparsity increases, the frequency of communication between agents also increases, and at the same time, the probability of the factor
nodes representing "optimal agent cooperation" in the graph policy at time t also increases. However, in scenarios with a larger number
of agents, too high a sparsity can lead to a significant increase in computational overhead. Therefore, to balance computational cost and
algorithm performance, we choose psparity = 0.3 in the Higher-order Predator-Prey and SMAC experiment.

D.2 SMAC
In our study, we delve into the intricacies of unit micromanagement tasks within the StarCraft II environment, a domain characterized
by its strategic complexity and real-time decision-making demands. In these scenarios, enemy units are orchestrated by the game’s
built-in artificial intelligence, whereas allied units are governed by a reinforcement learning algorithm. The composition of both groups
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TABLE 1: The StarCraft multi-Agent challenge benchmark

Map Name Ally Units Enemy Units

3s5z 3 Stalkers & 5 Zealots 3 Stalkers & 5 Zealots
5m_vs_6m 5 Marines 6 Marines
1c3s5z 9 Marines 9 Marines
8m_vs_9m 8 Marines 9 Marines
MMM2 1 Medivac, 2 Marauders & 7 Marines 1 Medivac, 2 Marauders & 8 Marines

Fig. 3: In 3s5z map, the wall-time duration of DDFG and baselines.

may encompass a variety of soldier types, albeit restricted to a single race per faction. Agents are afforded a discrete set of actionable
choices at each timestep, including inaction, directional movement, targeted attacks, and cessation of activity. These actions facilitate
agent navigation and engagement on continuous maps. The reinforcement learning framework assigns a global reward to Multi-
Agent Reinforcement Learning (MARL) agents, proportional to the cumulative damage inflicted on adversary units. Furthermore,
the elimination of enemy units and overall combat victory are incentivized with additional reward bonuses of 10 and 200 points,
respectively. A concise overview of the StarCraft Multi-Agent Challenge (SMAC) scenarios investigated in this study is provided in
Table 1, incorporating the inclusion of particularly challenging maps: 1c3s5z (hard), 8m_vs_9m(hard), and MMM2 (superhard).

Hyper-parameters: For all conducted SMAC experiments, version 2.4.10 of StarCraft II was utilized. Experimental setups
consistently applied a discount factor (γ) of 0.97 and an ϵ-greedy exploration strategy, which linearly decreased from ϵ = 1 to
ϵ = 0.05 across the initial 50,000 timesteps. Evaluations, comprising ten greedy test trajectories, were systematically conducted
every 10,000 steps at ϵ = 0. Each algorithm was subjected to three distinct initialization seeds, facilitating the computation of mean
performance and standard error metrics.

All implemented algorithms employed a replay buffer capacity of 5,000 entries, with rewards within this buffer normalized for
consistency. Observational data from agents were processed through a recurrent neural network (RNN) denoted as hψ , with the Adam
optimization algorithm uniformly applied across all models. The learning rates for VDN, QMIX, CW-QMIX, OW-QMIX, MADDPG,
QTRAN, DCG, SOPCG, and CASEC were set at 1×10−3, while QPLEX adopted a slightly reduced learning rate of 1×10−4. Within
the Dynamic Deep Factor Graph (DDFG) framework, both the Q-value and V-value function networks (as outlined in section III-A of
the main text and Appendix B, respectively) utilized a learning rate of 1 × 10−3, with the graph policy network assigned a learning
rate of 1× 10−6. The DDFG model imposes a limitation on the highest order of local value function to 2 and incorporates a dedicated
replay buffer of eight entries for the graph policy (referencing Proximal Policy Optimization, PPO). Additionally, a constant λH value
of 0.01 was established.

• the wall-time duration of DDFG and baselines: We believe that comparing the wall-time duration between DDFG and
baseline algorithms can more comprehensively evaluate the practical performance of the methods.

The experimental results are shown in Figure 3. We conducted experiments using the 3s5z map in SMAC. The experimental results
show that MAPPO takes the least time, while the wall-time of graph-based value decomposition algorithms is greater than that of other
value decomposition algorithms. Graph-based value decomposition algorithms require message passing processes on the graph, and
some of them even need additional training to obtain a good graph structure. Therefore, their time consumption is greater than that
of other IGM-based value decomposition algorithms. However, DDFG does not exhibit additional time overhead while still achieving
good performance. As for MAPPO, due to its on-policy algorithm structure, it can perform parallel training in the RNN version, which
greatly reduces its time consumption. Hence, its wall-time is much smaller than that of all other off-policy algorithms.
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Fig. 4: In 5m_vs_6m map, the Median test win rate % of DDFG under different D.

• The selection of the maximum order D: In Section 3, Eq. (78) reveals the relationship between the error upper bound and the
maximum order D of the value function decomposition, which highlights the trade-off between computational cost and model
accuracy. As D increases, the complexity of the model increases (with higher computational cost), while the approximation
error decreases. Therefore, selecting an appropriate D can effectively improve the performance of the algorithm.

E(Q̂Dtot)− E(Q⋆tot)

≤ Cfinal1 ·
(Bw,2)

D − 1

Bw,2 − 1
− Cfinal2 ·D + Cfinal3

(78)

where Cfinal1 = 4CQBλ,2Bh,2Bw,2
√

CK
ns

, Cfinal2 = C1

C2
exp (−(CK + 1)

γ
), Cfinal3 =

(
2(CQ)

2
+ CQ

)√
2 log(4/δ)

ns
+

C1

C2
exp (−(CK + 1)

γ
) (n− 1).

We select the 5m_vs_6m map in SMAC as an example. We set D to 1−3 and conducted experiments respectively, with the results
shown in Figure 4. The results show that DDFG achieves the best performance when D = 2; its performance partially degrades when
D = 1, and it has almost no winning rate when D = 3. It can be seen from the results that an appropriate D has a significant impact
on the algorithm’s performance. When D = 1, the algorithm is equivalent to VDN, and there is no collaboration among agents, thus
degrading the algorithm’s performance. When D = 3, the 3rd-order factor graph introduces excessive model complexity, causing the
algorithm to fail to converge. Ultimately,D = 2 is the optimal choice in SMAC.

• The impact of communication interruption on the algorithm’s performance: In DDFG, the graph policy network generates
dynamic factor graph structures in real-time, which serves as the input to the max-sum algorithm. This means that agents
need to communicate at each time step, and when facing limited communication bandwidth or communication-constrained
environments, the performance of the algorithm will be challenged.

To assess the impact of communication constraints, we use the SMAC map 5m_vs_6m and conduct two ablation studies; results are
shown in Fig. 5. We define the communication interruption rate (edge) pedge as the probability that communication between any two
agents is interrupted at time t (i.e., the corresponding edge is absent in the factor graph). In contrast, the communication interruption
rate (graph) pgraph is the probability that, at time t, all inter-agent communication is cut off (i.e., the adjacency matrix collapses to the
identity).

From Fig. 5, when either interruption rate lies in the range 0–30%, the algorithm’s performance is largely unaffected. This
robustness arises because DDFG’s dynamic graph makes fluctuations in pedge difficult to accumulate, and occasional full-graph outages
with pgraph ∈ [0, 30]% are handled by the fully decomposed fallback, maintaining a high win rate. However, as the interruption
rate increases to 40–90%, performance degrades progressively: agents execute more independently, coordination via communication
diminishes, and DDFG gradually approaches the behavior of VDN.

• The generalization capability of the graph policy. To better demonstrate the advantages of the Graph Generation Policy, we
explore its generalization capability in SMAC.

Under the original training protocol and budgets, we adopt a “train on Map A→ freeze graph policy→ train Q on Map B” setup
to isolate the effect of the graph policy. In the first transfer, the graph policy is trained on 5m_vs_6m and then frozen; the frozen graph
policy is reused while training the Q-function on the 2s3z. In the second transfer, the graph policy is trained on 8m_vs_9m, frozen,
and reused on 3s5z. Throughout, absolute map cues are removed and inputs are expressed as relative, normalized features to avoid
map-specific leakage and to strengthen internal validity.
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Fig. 5: Under the 5m_vs_6m map, the impact of the communication interruption on the algorithm’s performance.

Fig. 6: The ablation experiment of fixed graph policy in SMAC environments.

Across both transfers, the frozen graph policy yields consistent gains in sample efficiency and final win rate over strong baselines
without a learned graph structure, and it converges faster under identical training budgets. The corresponding learning curves and final
win rates are shown in Fig. 6. Taken together, these SMAC results provide an internally valid assessment that the learned coordination
structures transfer across tasks, supporting the effectiveness of the proposed graph generation mechanism.

APPENDIX E
CODE DEPLOYMENT AND UTILIZATION

E.1 Setup
Here we briefly describe the setup of DDFG. More information is given in the README file of the repository.

1) Install the dependencies.
Here we give an example installation on CUDA == 10.1. For non-GPU and other CUDA version installation, please refer to
the PyTorch website.
$ conda create -n marl python==3.6.1
$ conda activate marl
$ pip install torch==1.5.1+cu101 torchvision==0.6.1+cu101

-f https://download.pytorch.org/whl/torch_stable.html
$ pip install -r requirements.txt

2) Obtain the source code and install.
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$ git clone https://github.com/SICC-Group/DDFG.git
$ cd off-policy
$ pip install -e .

3) Install StarCraftII 4.10
$ pip install git+https://github.com/oxwhirl/smac.git
$ echo "export SC2PATH= /StarCraftII/" > /.bashrc
# Download SMAC Maps, and move it to /StarCraftII/Maps/

E.2 Reproduction
1) Train of DDFG

$ cd offpolicy/scripts
$ chmod +x ./train_<experiment>_<algorithm>.sh
$ .train_<experiment>_<algorithm>.sh
# <experiment> can choose between prey or smac, <algorithm> can choose between rmdfg or other baselines.
# The trained model and data files can be found under ./results/<experiment_name>/<algorithm_name>/debug/run1/models/.
# <experiment_name> can choose between Predator_prey or StarCraft2, <algorithm_name> can choose between
rddfg_cent_rw or other baselines.

2) Test of DDFG
# Select the trained model to load and test
$ .train_<experiment>_<algorithm>.sh

–model_dir ./results/<experiment_name>/<algorithm_name>/debug/run1/models/
3) Replot the experimental results of this manuscript

$ cd off-policy/experiment_eval_data
# Execute file plot_experiment_pp.py or plot_experiment_smac.py to obtain results.
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