
JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2021 1

Dynamic Deep Factor Graph for Multi-Agent
Reinforcement Learning
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Abstract�Multi-agent reinforcement learning (MARL) re-
quires effective coordination among multiple decision-making
agents to achieve joint goals. Approaches based on a global value
function face the curse of dimensionality, while fully decomposed
centralized training with decentralized execution (CTDE) methods
often suffer from relative overgeneralization. Coordination graphs
mitigate this issue but typically fail to capture dynamic collabora-
tion patterns that evolve over time and across tasks. We propose
Dynamic Deep Factor Graphs (DDFG), a value decomposition
algorithm that represents the global value via factor graphs and
learns graph structures on the �y through a graph-generation
policy, adapting to evolving inter-agent relations. We provide a
theoretical upper bound on the approximation error of high-
order decompositions and reveal how the maximum order D
trades off accuracy against computation, offering guidance for
balancing performance and cost. Using max-sum for inference,
DDFG ef�ciently derives joint policies. Experiments on higher-
order predator�prey and SMAC show consistent gains over
strong value-decomposition baselines, demonstrating improved
sample ef�ciency and robustness in complex settings. Code is
available at https://github.com/SICC-Group/DDFG.

Index Terms�dynamic graph; factor graph; multi-agent rein-
forcement learning; relative overgeneralization; dynamic collab-
oration.

I. INTRODUCTION

Collaborative multi-agent systems have become increasingly
relevant across a broad spectrum of real-world scenarios,
encompassing areas such as autonomous vehicular navigation
[1], collective robotic decision-making [2], and distributed
sensor networks. In this context, Reinforcement Learning (RL)
has demonstrated remarkable ef�cacy in tackling a diverse
range of collaborative multi-agent challenges. Notably, intri-
cate tasks such as the coordination of robotic swarms and
the automation of vehicular control are often conceptualized
within the framework of Collaborative Multi-Agent Reinforce-
ment Learning (MARL) [3].
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Addressing these complex tasks frequently necessitates the
disaggregation of either the agents’ policy mechanisms or
their value functions. Within the domain of policy-based
methodologies, Multi-Agent Deep Deterministic Policy Gra-
dient (MADDPG) [4] has been recognized for its ability
to learn distributed policies tailored to continuous action
spaces. Multi-Agent Proximal Policy Optimization (MAPPO)
[5] achieves better performance than MADDPG by extending
Proximal Policy Optimization (PPO) [6] to multi-agent sce-
narios. Meanwhile, Decomposed Off-Policy Policy Gradient
(DOP) [7] introduces the idea of value function decompo-
sition into the Actor-Critic framework, addressing the credit
assignment problem in both discrete and continuous action
spaces. On the spectrum of value function-based approaches,
Value Decomposition Networks (VDN) [8] pioneer the de-
composition of the collective action-value function into an
aggregation of individual action-value functions. Furthering
this paradigm, QMIX [9] innovates by conceptualizing the
collective action-value function through a monotonic function,
thereby enhancing the representational capacity of the system.

However, in the realm of collaborative multi-agent systems,
methodologies often grapple with a game-theoretic compli-
cation known as relative overgeneralization, a phenomenon
where the punitive consequences for non-collaboration
amongst agents overshadow the rewards for cooperative en-
gagement, culminating in less-than-optimal performance out-
comes [10]. To mitigate this issue, QTRAN [11] ameliorates
the constraints on value function decomposition inherent in
QMIX by introducing the Individual-Global-Max (IGM) con-
dition and devising two soft regularization methods aimed at
�ne-tuning the action selection process to balance between
joint and individual value functions. Subsequently, QPLEX
[12] advances this concept by proposing an enhanced IGM
that parallels the original in importance and incorporates the
Dueling architecture to further re�ne the decomposition of the
joint value function. Meanwhile, Weighted QMIX (WQMIX)
[13] transitions from "monotonic" to "non-monotonic" value
functions through the introduction of a weighted operator,
addressing the limitations of monotonicity constraints. Despite
these advancements, the stated algorithms occasionally falter
in identifying the globally optimal solution due to the inherent
constraints of value decomposition.

The Coordination Graph (CG) framework [14] presents a
viable alternative that preserves the bene�ts of value function
decomposition while simultaneously addressing the issue of
relative overgeneralization. Within this framework, agents and
the synergistic gains from their interactions are represented
as vertices and edges, respectively, in a graph structured
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according to the joint action-observation space. Deep Coor-
dination Graphs (DCG) [15] approximate these gain func-
tions using deep neural networks and disseminate the derived
value functions across the graph [16] via a message-passing
algorithm. The �xed structure of coordination graphs in DCG
limits their applicability to diverse real-world scenarios. NL-
CG [17] attempts to extend CG to nonlinear scenarios, while
SOPCG [18] and CASEC [19] enhance the representational
capacity by constructing sparse coordination graph structures.
The Deep Implicit Coordination Graph (DICG) [20] differs
from the aforementioned CG-based methods in that it repre-
sents message passing through Graph Convolutional Networks
(GCN) [21] instead of using the maximum-sum algorithm
on the CG. DICG integrates an attention mechanism within
the GCN, thereby introducing an implicit framework for the
coordination graph. Whether using the coordination graph
framework explicitly or implicitly, these methods are still con-
strained by the inherent limitations of the coordination graph
structure, especially when dealing with complex coordination
relationships.

To surmount these limitations, this paper introduces a novel
value decomposition algorithm termed the Dynamic Deep
Factor Graph (DDFG), which leverages factor graphs [22] for
the decomposition of the global value function into a sum of
local value functions of arbitrary order, thereby offering a more
robust characterization capability than coordination graphs.
Distinctly, DDFG eschews prede�ned graph structures in favor
of dynamically generated graphs that accurately represent the
collaborative relationships among agents, based on real-time
observations processed through neural networks. This paper
de�nes the graph generation policy as a quasi-multinomial
distribution and provides relevant theoretical proofs. Following
the idea of probability modeling from the PPO [6], we
constructed a networked graph policy over a quasi-multinomial
distribution to generate dynamic factor graph structures in
various scenarios. The adaptability of the graph structure is
further enhanced by the application of the message-passing
algorithm [23], optimizing the learning of agents’ policies and
the representational ef�ciency of value function decomposi-
tion.

The core contributions of our study are delineated as fol-
lows:

1) Canonical Polyadic (CP) Decomposition-based Factor
Graph Value Function Network. We leverage factor
graphs to decompose the global value functions into a
sum of higher-order local value functions, augmented
by tensor-based CP decomposition [24], [25]. This ap-
proach, an extension of the matrix low-rank approxima-
tion, signi�cantly reduces parameter count and increases
update frequency by decomposing higher-order value
functions into the outer products of rank-one tensors.
Concurrently, we theoretically prove the error upper
bound of the global value function under the afore-
mentioned decomposition. We uncover the relationship
between the maximum order D and the error upper
bound, which highlights the trade-off between model
accuracy and computational cost.

2) Graph Structure Generation Policy. We propose a new

graph structure generation policy, de�ned as a quasi-
multinomial distribution. It is analogous to agent poli-
cies, for generating real-time, variable factor graph
structures through probabilistic modeling, akin to the
Proximal Policy Optimization (PPO) algorithm. This
policy facilitates the depiction of agent collaboration,
employing a neural network that processes agents’ ob-
servations to generate dynamic graph structures. We
have presented the Policy improvement lower bound
for the graph policy and derived the loss for the graph
policy, thereby providing a theoretical foundation for its
optimization and convergence.

3) Dynamic Deep Factor Graph-Based MARL Algorithm.
The DDFG algorithm, leveraging factor graphs over
coordination graphs, addresses the pitfall of relative
overgeneralization by providing a more versatile de-
composition approach and generating dynamic factor
graph structures to enhance expressive power. Through
the application of factor graph message passing algo-
rithms to various graph structures, DDFG facilitates the
learning of agents’ policies. Comparative analysis with
contemporary MARL methodologies within the experi-
mental section showcases DDFG’s ef�cacy in complex
scenarios such as high-order predator-prey and SMAC
tasks.

The rest of this paper is organized as follows. Section 2
introduces the de�nition of factor graphs and Markov decision
processes based on factor graphs. Section 3 presents the
proposed Dynamic Deep Factor Graph algorithm. Section 4
presents the composition of algorithm related loss functions.
The simulation results and corresponding analysis are given
in Section 5. In Section 6, we conclude this paper.

II. BACKGROUND

A. FG-POMDP
A factor graph G is de�ned by a set of variable nodes

V , a set of factor nodes F , and a set of undirected edges
E . We correspond intelligent agents with variable nodes; If
the local value function corresponds to a factor node, then
a factor graph can represent a decomposition form of the
global value function. De�ne the adjacency matrix of the factor
graph at each time t as At and add it to POMDP, proposing a
factor graph based POMDP, namely FG-POMDP. FG-POMDP
consists of a tuple < n; S;A;U ; R; P; fOigni=1; 
 > [26].
Here, n represents the number of agents, S describes the
true state of the environment, and U i 2 U denotes the set
of discrete actions available to agent i. At discrete time t,
At 2 A is the dynamic factor graph structure in real-time. We
denote it by the adjacency matrix At 2 f0; 1g

n�m, where m
denotes the number of factor nodes. The next state st+1 2 S
is obtained from the transfer probability st+1 � P (� j st;ut)
with st+1 2 S and ut 2 U := U1 � : : : � Un as con-
ditions. Each agent shares the same reward rt := r(st;ut)
at moment t and 
 2 [0; 1) denotes the discount factor.
Due to partial observability, at moment t, the individual
observations oit 2 Oi of each agent, the history of observations
oit and actions uit of agent i are represented as � it :=
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Fig. 1: Visualization of the factor graph Q(� ;u) =P

j2J
Qj(uj j � ).

�
oi0; ui0; oi1; : : : ; oit�1; uit�1; oit

�
2
�
Oi � U i

�t � Oi. Without
loss of generality, the trajectory of the task in this paper is
denoted as T =

�
s0; foi0gni=1; A0;u0; r0; : : : ; sT ; foiT gni=1

�
,

where T is the task length.
FG-POMDP modi�es the decision process by introducing a

time-varying structural variable At (the factor-graph adja-
cency matrix) into the model’s tuple. Concretely, At conditions
both (i) the value decomposition of the joint action-value
into local factors Qj (and their inputs) and (ii) the max-
sum message passing used for joint action selection. Thus, the
learned structure directly shapes the agent-wise messages and,
in turn, the selected joint action ut; the policy is a function
of (�t; At), not merely �t.

Collaborative MARL aims to �nd the optimal policy � :
S � U ! [0; 1] that selects joint actions ut 2 U maximizing
the expected discounted sum of future rewards, achieved by
estimating the optimal Q-value function. The optimal policy �
greedily selects actions u 2 U that maximize the correspond-
ing optimal Q-value function. However, when facing large
joint action spaces, deep neural networks with � parameters,
such as DQN [27] and Double-DQN [28], may struggle to
approximate the optimal Q-value function Q�. To address this
issue, various value decomposition algorithms have been pro-
posed to perform Q-learning in MARL ef�ciently. We describe
these value decomposition algorithms(VDN [8], QMIX [9],
WQMIX [13], QTRAN [11], QPLEX [12], DCG [15], SOPCG
[18], CASEC [19], MAPPO [5]) in Appendix Section A.

The learned policy cannot depend on the state st in
a partially observable environment. Therefore, the Q-value
function Q� is conditioned on the agent’s observation-action
history �t := f� itgni=1, which can be approximated as Q� :=
Q�(u j �t) [29]. To achieve this, the agent’s observation
ot :=

�
o1
t ; : : : ; ont

�
and previous action ut�1 are fed into

an RNN network, such as a GRU, to obtain the hidden state
ht := h (� j ht�1;ot;ut�1), where h0 = 0. The Q-value
function Q� is then conditioned on the hidden state ht, i.e.,
Q� := Q�(u j ht).

B. Factor Graph
A factor graph G = hV; F; Ei [22] is de�ned by the

set of variable nodes V , the set of factor nodes F and
the set of undirected edges E . Factor graphs are bipartite
graphs represented as factorizations of global functions. Each
variable node vi 2 V in the factor graph corresponds to a

variable. Similarly, each factor node fj 2 F corresponds to
a local function after the global function decomposition and
is connected by an edge E to the variable node vi and the
factor node fj when and only when vi is an argument of fj .
A factor graph with n variable nodes and m function nodes
has a binary adjacency matrix de�ned as A 2 f0; 1gn�m.

In multi-agent reinforcement learning (MARL), agents are
regarded as variable nodes, and the value functions of the
agents serve as factor nodes. The factor graph G decomposes
the global value function Q(� ;u) into a sum of several local
value functions [30], and the decomposition relations are given
by the adjacency matrix A. Each variable node vi 2 V
represents an agent i. Each factor node fj 2 F is equivalent
to a local value function Qj , where n(Qj) denotes the set
of all variable nodes connected to Qj , i.e., i; j 2 E . In the
remainder of the paper, all factor nodes previously denoted by
fj will be replaced with Qj for clarity. Qj denotes the joint
value function of all agents i 2 n(Qj). The factor graph G
(as shown in Figure 1) represents the joint value function.

Q(� ;u) =
X

j2J

Qj(fvigfi;jg2E)

=
X

j2J

Qj(uj j � )
(1)

where J is the set of factor nodes and uj 2
Q
i2n(Qj) U

i

denotes the joint action of all agents.

III. METHOD

As depicted in Figure 2, the network structure of DDFG
comprises three main components: the graph policy, respon-
sible for generating the graph structure, the Q-value function
network, and the max-sum algorithm. Firstly, we obtain the
agent’s hidden state hit through a shared RNN network. Both
the graph policy and the Q-value function network share
hit, but the RNN network only updates jointly with the Q-
value function network. The graph policy takes hit as input
and outputs a real-time factor graph structure At based on
ot = CONCAT [o1

t ; o2
t ; :::; oNt ]. Meanwhile, the Q-value

function network receives hit and At as inputs and generates
the local value function Qj . Finally, the max-sum algorithm
is utilized to compute the local value function Qj and obtain
the action and global value functions of the agent.

A. Q-value function network
Given a known policy for generating graph structures � (ex-

plained in Section 3.3), at time t, we use At � � to represent
the higher-order decomposition of the global value function
Q(�t;ut). Simultaneously, using the adjacency matrix At, we
represent the local value function Qj(�t;ujt ) as a network
parameterized by �j . The joint value function, represented by
the factor graph G, is given by

Q(�t;ut; At) =
X

j2J

Qj(ujt j �t; �j) (2)

where J is the set of factor nodes, and ujt denotes the joint
action of all agents at time t.
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Fig. 2: The algorithmic framework of DDFG. (a) The network structure of Q-value function (Section 3.1). (b) The overall
architecture of DDFG (Section 3). (c) The network structure of graph structure generation policy (Section 3.3).

DCG uses a deep network to learn the coordination graph’s
utility and payoff functions. Similarly, DDFG extends DCG to
factor graphs by learning the functions corresponding to the
factor nodes in the factor graph through a deep network. We
de�ne the "order" of the value function Qj as D (j), which
represents the number of agent j’s connections. The order
of these value functions can exceed the maximum 2 in the
coordination graph, making the value function decomposition
network more representable. We present the design principles
for the Q-value function network of the DDFG as follows:

a) The local value function Qj accepts only the local
information of the agent i 2 n(Qj).

b) Adopt a common recurrent neural network sharing pa-
rameters across all agents (yellow part in Figure 2).

c) Employing a common fully connected neural network
sharing parameters on a local value function Qj of the
same order D (j) (blue part in Figure 2).

d) Use tensor-based Canonical Polyadic (CP) decomposi-
tion for the local value function Qj of D(j) � 2.

e) Allowing generalization to different factor graph struc-
tures.

According to principle a), the local value function Qj(ujt j
�t; �j) = Qj(ujt j �

j
t ; �j), where � jt denotes the joint

observation-action history of all agents i 2 n(Qj). Based
on principle b), all agents share parameters using a recurrent
neural network (RNN) with generic architecture, denoted
as hit = h (� j hit�1; oit; uit�1). This RNN is initialized
with hi0 = h (� j 0; oi0;0). According to principle c), the
local value function Qj(ujt j �

j
t ; �j) can be approximated

as Qj(ujt j h
j
t ; �D(j)), where all local value functions of

order D (j) share the parameter �D(j), improving operational
ef�ciency. The local value functions are spliced together using

the matrix hjt = CONCATi2n(Qj)h
i
t.

The size
D(j)Q

i=1

��U i
�� of the joint action space involved in the

local value function Qj grows exponentially with the order
D (j). Since only executed action pairs are updated during Q-
learning, the parameters of many outputs remain constant for a
long time while the underlying RNN network is continuously
updated. This can slow down the training speed and affect the
message delivery. To reduce the number of parameters and
increase the frequency of their updates, we extend the low-
rank approximation of matrices in DCG [15] and propose to
use the Canonical Polyadic (CP) decomposition of the tensor
[24], [25] to approximate the value function Qj . The CP
decomposition of Qj of rank K is de�ned by:

Qj(�jhjt ; �D(j)) :=
KX

k=1

(fk(�jhjt ; �
1
D(j))


 fk(�jhjt ; �
2
D(j))
 : : :
 fk(�jhjt ; �

D(j)
D(j)))

(3)

where 
 is the outer product.
To approximate the value function in our reinforcement

learning model, we use a network of local value functions with
parameters f�dD(j)g

D(j)
d=1 and output D(j)K

��U i
�� ;8i 2 n(Qj)

(as described in Eq.(3). The tensor rank is determined by
balancing the approximation’s accuracy against the parameter
learning speed.

However, as the adjacency matrix At changes in real time,
the value of the global value function becomes unstable. To
address this, we �x all local value functions by setting D(j) =
1, which yields the global value function Q(�t;ut) plus the
VDN decomposition expressed as Qvdn. This results in a new
adjacency matrix At0 = CONCAT [At; In]. In is de�ned as
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an nn identity matrix. The �nal global value function is then
given by:

Qtot(�t;ut; At; �;  ) = Q(�t;ut) +Qvdn

=
X

j2J

1��JD(j)
��Qj(u

j
t j h

j
t ; �D(j)) +

1
n

nX

i=1

Qi(uit j h
i
t; �D(1))

(4)

B. Theoretical Analysis of Value Function Decomposition and
Approximation

In this section, we approach the decomposition of the global
value function from a different perspective. Theoretically, we
prove the error upper bound of the global value function
decomposition and reveal the potential relationship between
the error upper bound and the maximum decomposition order
D of the value function.

In Section III-A, we de�ne the decomposition of the global
value function Qtot using factor graphs, and the �nal de-
composed form is given by Eq.(4). When we examine the
decomposition form of Eq.(4) from a different perspective and
arrange the local value function Qj in ascending order of their
orders, Eq.(4) transforms into:

Qtot(�t;ut) = f0 +
1
n

nX

i=1

Qi(uitjh
i
t)

+
1
jJ2j

X

j2J2

Qj(ujt jh
j
t ) + � � �+Qn(utjht)

(5)

where f0 is a constant, n is the number of agents, Jd = fjjj 2
J and D(j) = dg denotes the set of local value functions Qj
with order d.

In Section 3.1, we use the CP decomposition of tensors to
approximate the local value function Qj . Substituting Eq. (3)
into Eq.(5), we obtain:

Qtot(�t;ut) = f0 +
1
n

nX

i=1

Qi(uitjh
i
t)

+
1
jJ2j

X

j2J2

K2X

k=1

2Y

i=1

�Qi(uitjh
i
t) + � � �+

KnX

k=1

nY

i=1

�Qi(uitjh
i
t)

(6)

where Kd denotes the rank of the d-order local value function.
�Qi corresponds to the value of each fk(�j�iD(j)) in Eq. (3)
when the action uit is taken, which can be regarded as the value
of the marginal density function of the local value function
corresponding to the agent i.

Subsequently, we can represent the global value function
Qtot as a Scalable Polynomial Additive Models (SPAM)
[31]. SPAM is an extension of Generalized Additive Models
(GAM) [32], which leverages the tensor rank decomposition
of polynomials to learn powerful and inherently interpretable
models.

Qtot(�t;ut) = f0 +
1
n

nX

i=1



w1(uit); h

i
t
�

+
1
jJ2j

X

j2J2

K2X

k=1

�2k

2Y

i=1



w2k(uit); h

i
t
�

+ � � �

+
KnX

k=1

�nk
nY

i=1



wnk(uit); h

i
t
�

(7)

where �dk denotes the eigenvalues corresponding to different
ranks after tensor decomposition of the local value function of
order d. wdk denotes the trainable parameters of each network
fk(�j�id).

We present an assumption regarding the decay of eigenval-
ues and a lemma. Through Proposition 2 in SPAM [31] and
the above content, we derive the error upper bound for the
decomposition of the global value function.

Assumption 1: (
-Exponential Decay) For the eigenvalue
�dk corresponding to the local value function Qj in Eq. (7), it
is assumed to follow 
-exponential decay, that is, there exists
an absolute constant C1 < 1 and C2 = O(1) ,such that �dk
decays exponentially with the increase of the rank k: j�dkj �
C1 � exp (�C2 � k
)

Lemma 1: (The Lipschitz condition for MSE loss) A
loss function L (f(x); y) is the MSE loss, and f(x) 2
[�C=2; C=2], then L (f(x); y) be 2C-Lipschitz.

Detailed proof of lemma 1 can be found in Appendix
Section C. Through the above assumptions and lemmas, we
can derive the error upper bound for the decomposition of
the global value function Qtot under the L2 regularized
models(see Appendix Section C).

Theorem 1: Let L be 2CQ � Lipschitz, � 2 (0; 1], and
Assumption 1 hold with constants fC1; C2; 
g. The general-
ization error for the optimal global value function Q?tot be
E(Q?tot) and the generalization error for the empirical risk
minimizer \QD;Ktot be E(\QD;Ktot ) with K = fKdgDd=1. Then, we
have for L2�regularized ERM, where



wdk(uit)




2 � Bw;2,
1 � d � D, Bh;2 = suph



 �Qi




2, and k�k2 � B�;2 where
� = ff�dkgKdk=1g

D
d=1, with probability at least 1� �,

E(\QD;Ktot )� E(Q?tot) � 4CQB�;2Bh;2
DX

d=1

 

(Bw;2)d
r
Kd

ns

!

+
nX

d=D+1

C1

C2
exp (�(Kd + 1)
) +

�
2(CQ)2 + CQ

�
s

2 log(4=�)
ns

(8)
where ns denotes the number of samples, Kd denotes the
tensor rank for each order d.

In Section III-A, we decompose the local value functions of
the same order d into the outer products of rank-one tensors.
In this paper, however, our focus is not on the rank size for
the same order, but rather on the selection of the maximum
order D in the decomposition of the global value function.
Therefore, we set Kd (the tensor rank) for all orders d to
a constant CK . Under these circumstances, the error upper
bound becomes:
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E(dQDtot)� E(Q?tot)

� Cfinal1 �
(Bw;2)D � 1
Bw;2 � 1

� Cfinal2 �D + Cfinal3
(9)

where Cfinal1 = 4CQB�;2Bh;2Bw;2
q

CK
ns ,

Cfinal2 = C1
C2

exp (�(CK + 1)
), Cfinal3 =�
2(CQ)2 + CQ

�q
2 log(4=�)

ns +C1
C2

exp (�(CK + 1)
) (n� 1).
Eq. (9) reveals the relationship between the error upper

bound and the maximum order D of the value function decom-
position, which highlights the trade-off between computational
cost and model accuracy. As D increases, the complexity of
the model (the �rst term in Eq. (9)) increases, which means
higher computational cost, while the approximation error (the
second term in Eq. (9)) decreases. This indicates that selecting
a moderate D can effectively reduce the error and improve
the algorithm performance. The related experiments will be
presented in Appendix Section D.

C. Graph structure generation policy
At each time step, we represent the graph policy as �(At j

�t). With the graph policy �, we can obtain the adjacency
matrix At � �. As described in Section 3.1, the decomposition
of a global value function is associated with At. However,
the decomposition of the global value function should not
be static, and the collaborative relationship among the agents
should be dynamic when facing different environmental states.
While the factor graph can decompose the global value
function, its decomposition corresponds to a �xed adjacency
matrix. Similarly, DCG decomposes the global value function
into a �xed, fully connected structure. Therefore, this section
proposes a graph policy � that can dynamically generate real-
time graph structures that represent the changing collaborative
relationships among agents.

We propose a graph policy � that can dynamically generate
real-time graph structures to address this issue. We represent
the graph policy �(At j �t) = �(At j �t;’) using a network
parameterized by ’. The graph policy network shares the same
RNN network as the Q-value function network but does not
participate in the parameter update. We use hit = h (� j
hit�1; oit; uit�1) as the input of the graph policy network. To
better represent the global relationships of all agents, we use
the global states st as the input of the hypernetwork to obtain
the parameters of the graph policy network. We refer to the
network structure design of QMIX and train the weights W of
the hypernetwork without absolute value restrictions to obtain
more information in ot.

We employ a two-layer hypernetwork and incorporate a
fully connected layer as an action layer to initialize the proba-
bility of each edge equally. Subsequently, we apply a softmax
activation function to process the output of the graph structured
network, constraining the output between 0 and 1, in order
to derive the probability of edge connections corresponding
to the adjacency matrix At. Speci�cally, the graph policy
�(At j �t) outputs a matrix P (At) = faijg

N�M , representing
the probabilities of edge connections corresponding to the

adjacency matrix At, where N is the number of intelligent
agents (variable nodes), M is the number of local value
functions (factor nodes), and aij represents the probability of
connection between the i-th intelligent agent and the j-th local
value function (

PN
i=0 aij = 1). For each local value function

Qj , the probability distribution of its connections with all N
agents is de�ned as a multinomial distribution.

De�nition 1: In the graph policy �(At j �t), for each local
value function Qj , randomly Variable X = (X1; X2; : : : ; XN )
represents the number of connections between Qj and N
agents, where Xi represents the number of times the i-th agent
is connected to Qj . X satis�es:

(1) Xi � 0(1 � i � N), and X1 + X2 + � � � + XN = m,
m is the total number of connections between Qj and
N agents;

(2) Let m1;m2; : : : ;mN be any non-negative integer, and
m1 +m2 + � � �+mN = m, then the probability of event
fX1 = m1; X2 = m2; : : : ; XN = mNg occurring is:

PfX1 = m1; X2 = m2; : : : ; XN = mNg

=
m!

m1!m2! � � �mN !
p1
m1p2

m2 � � � pNmN
(10)

where pi � 0(1 � i � N); p1 + p2 + � � �+ pN = 1.

Then X conforms to the multinomial distribution, that is, X �
Pm(m : p1; p2; : : : ; pN ).

Proposition 1: In the graph-generation policy �(At j �t), for
each local value function Qj , let X � PD(D : p1; p2; : : : ; pN )
be the random variable denoting the number of all agents
connected to Qj . Then the algorithm’s maximum factor order
is D.

Proposition 2: In the graph policy �(At j �t), for each
local value function Qj , when The number of times it is
connected to N agents corresponds to a random variable
X � PD(D : p1; p2; : : : ; pN ), then each Qj corresponds to
"sub-policy" conforms to a quasi-multinomial distribution, that
is, �(Qj) � ~PD(D : p1; p2; : : : ; pN ).

Detailed proof of Proposition 1,2 can be found in Appendix
Section C. Through the above de�nitions and inferences, we
represent the graph structure generation policy as a a quasi-
multinomial distribution, and train it with a neural network.
Meanwhile, it can be concluded that by setting the maximum
order D of the graph policy network, the factor graph can
represent all collaborative relationships of less than or equal
to D agents.

Next, we present the Policy improvement lower bound [33],
[34] for the graph policy �, which provides the theoretical
foundation for learning �. As shown later, this bound implies
that by maximizing it, we can guarantee policy improvement
at each step of the learning process.

Theorem 2: (Graph Policy Improvement Lower Bound).
Consider the behavior (trajectory-collecting) graph policy �old.
For the current graph policy �new that we need to improve,
we have
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J(�new)� J(�old) �
1

1� 
 E
s�D�old
A��new
u��old

[A�old;�old(s;A;u)]

�
C�


(1� 
)2 E
(s;A)�D�old

�����
�new(Ajs)
�old(Ajs)

� 1
����

�

(11)
where J denotes the objective function optimized in reinforce-

ment learning, C� = max
s2S

������
E

A��new
u��old

[A�old;�old(s;A;u)]

������
,

� = � (Ajs)� (ujs;A) denotes the joint policy of all agent
policies.

Detailed proof of Theorem 2 can be found in Appendix
Section C. We refer to the �rst term in the lower bound of
Theorem 2 as the surrogate objective (SO), and to the second
term as the penalty term (PT). It should be noted that, during
policy improvement, as long as the lower bound of each update
is positive, the new graph policy is guaranteed to outperform
the old one.

To ensure that the lower bound of each policy improvement
step remains positive, we need to guarantee that SO > PT . In
this case, the SO should be maximized while constraining the
size of the PT. Maximizing SO can be reduced to maximizing
the objective J (Eq. (18)) in Section IV-B. At the same time,
Eq. (23) in Section 4.2 is used to bound PT so that the
graph policy can be effectively improved. Taken together, this
proof and the loss derivation for the graph policy in Section
IV-B provide the theoretical basis for the optimization and
convergence of the graph policy �.

D. max-sum algorithm

In the previous section, we obtained the local value func-
tions using the Q-value function network. In this section, we
will demonstrate how to use the max-sum algorithm [30], [35]
on factor graphs to obtain the �nal action for each agent.

First, we obtain the adjacency matrix At from the graph
structure generation policy � and concatenate it with In to
form At0. To facilitate the derivation, we consider all factor
nodes represented by At0 as a single entity. Then, the action
selection process aims to solve the following problem(See
appendix C for detailed derivation):

u�t = arg max
ut

Qtot(�t;ut; At; �;  )

= arg max
(u1;:::;un)

(
X

j2J0

Qj(fvigfi;jg2E0))
(12)

where J 0 = J
S
fm + igni=1,E 0 = E

S
ffi; jg j 1 � i �

n; j = j + 1(j = 1 � n)g.
In illustrating the max-sum algorithm for factor graphs, we

will omit moment t’s representation. The max-sum algorithm
for factor graphs consists of two types of messages. Let N(x)
denote the set of neighbors of node x. The message sent from
the variable node vi to the factor node Qj is:

�vi!Qj (vi) =
X

Qk2N(vi)nfQjg

�Qk!vi(vi) + cvi!Qj (13)

where N(vi)nfQjg denotes the set of nodes in N(vi) except
Qj , and cvi!Qj is the normalization term.

The message sent from the factor node Qp to the variable
node vl is:

�Qp!vl(vl) = max
vpnvl

(Qp(vp)

+
X

vk2N(Qp)nfvlg

�vk!Qp(vk)) + cQp!vl
(14)

where vpnvl denotes the parameters in the local function Qp
except vl, and cQp!vl is the normalization term. The agent
continuously sends, accepts, and recomputes messages until
the values of the messages converge. After convergence, the
behavior of the agent is given by the following equation:

u� = [arg max
ui

X

Qk2N(vi)

�Qk!vi(vi)]
n
i=1 (15)

However, this convergence exists only in acyclic factor
graphs, meaning that the exact solution can only be achieved in
such graphs through the max-sum algorithm. When the factor
graph contains loops, as depicted in Figure 1, the general
max-sum algorithm cannot guarantee an exact solution due
to the uncertain manner nodes receive messages containing
messages sent from the node, leading to message explosion.
Asynchronous messaging [36] and messaging with damping
[37] can mitigate this issue.

IV. LOSS FUNCTION

The value function and graph policy networks use different
loss functions and alternate updates. This section will explain
the form of loss construction for each network.

A. Loss of the Q-value function network
We update the Q-value function network using the loss form

that is referred to in DQN. We maintain a target network [28]
and a replay buffer [38]. We also deposit the adjacency matrix
A, obtained from the graph policy, into the replay buffer.
This way, we obtain the decomposed form of the global value
function Qtot through the adjacency matrix A. In contrast, the
decomposed local value function Qj is obtained through the
�;  parameterized Q-value function network. Finally, we use
the globally optimal joint action u� obtained by the max-sum
algorithm. To achieve this, we learn �;  by minimizing the
TD error, as follows:

LQ (� ; A;u; r; �;  ) :=

E

"
1
T

TX

t=0

�
Qtot(�t;ut; At)� ydqn

�
rt; �t+1; At+1; ��; � 

��2
#

(16)
where � = f�tgTt=1 (note: � in this paper only
denotes the set of observation-action histories �t, not
the trajectory of the whole task), and rt is the reward
for performing action ut transitions to �t+1 in the
observation history �t.ydqn

�
rt; �t+1; At+1; ��; � 

�
=

rt + 
Qtot(�t+1; u�t+1; At+1; ��; � ),u�t+1 =
[arg max

uit+1

P

Qk2N(vi)
�Qk!vi(vi)]ni=1,��; � is the parameter

copied periodically from �;  .
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B. Loss of graph policy network
MARL aims to maximize the expected discounted sum of

future rewards. Therefore, the natural objective of the graph
policy network is to �nd the optimal graph policy �(At j �t;’)
that achieves this goal. However, if we use a DQN-style loss
function, the gradient cannot be returned to the graph policy
network, making training impossible. To address this issue,
we adopt the policy gradient approach [6] and treat the graph
policy �(At j �t;’) as the action policy � (ut j �t), and
use the policy gradient approach to design the graph policy
network’s loss function.

The loss function for the graph policy network is:

LG (� ; A;u; r;’) = LPG � �HLentropy (17)

where �H is the weight constant of Lentropy. Our objective
is to maximize the expected discounted return, for which we
de�ne the maximization objective function as follows:

maximize
’

J(�;  ; ’) = maximize
’

v��; ;’ (s0) (18)

where ��; ;’ = ��; ;’ (u; A j s) = �’ (A j s)��; (u j s;A)
denotes the joint policy of all agent policies and graph policies,
v��; ;’ (s0) is the policy ��; ;’ under s0 as a function of
the state value of s0. The derivation of the objective function
J(�) yields (see Appendix Section C for the corresponding
derivation):

r’J(�;  ; ’) =
E

(�t;ut;At)�T
[Qtot (�t;ut; At)r ln �’ (Atj�t)] (19)

We refer to the PPO [6], which uses importance sampling
for graph policies to improve training ef�ciency:

r’J =

E
(�t;ut;At)�Told

[
�’ (At j �t)
�’old (At j �t)

Qtot (�t;ut; At)

r ln �’ (At j �t)]

(20)

In order to get a more accurate graph policy �, we use the
local value function Qj instead of the global value function
Qtot for calculation. The graph policy � can be decomposed
into "sub-policy" in which all local value functions are con-
nected to the agent. Comparing the value function used in the
actor-critic algorithm to evaluate the quality of the policy, in
DDFG the global value function Qtot can evaluate the graph
policy � Then it is natural to use the local value function
to evaluate the quality of the "sub-policy". Essentially, this
is a credit allocation idea. The global value function Qtot is
the sum of the local value functions Qj , The larger Qj , the
greater its contribution to Qtot as Qj whole, which means that
the corresponding local The greater the contribution of the
value function Qj to the "sub-policy" connected to the agent.
Therefore, the "sub-policy" should be accurately evaluated by
Qj , then r’J becomes:

r’J =

E
(�t;ut;At)�Told

[
X

j2J

�
P’;j (mj)
P’old;j (mj)

Qj
�
� jt ;u

j
t ; At

��

r ln �’ (At j �t)]

(21)

where P’;j (mj) =
P

fmj;1;:::;mj;Ng2Hm
pmj;1j;1 � � � p

mj;i
j;i � � � p

mj;N
j;N ,

pj;i represents the probability that the local value function
Qj is connected to agent i, mj;i represents the number of
times the local value function Qj is connected to agent i,
mj = fmj;igi=1�N .

Proposition 3: In the graph policy �(At j �t), for each
local value function Qj , when Its corresponding "sub-policy"
�(Qj) � ~PD(D : p1; p2; : : : ; pN ), then Eq.(21) can be derived
from Eq.(20).

Detailed proof of Proposition 3 can be found in Appendix
Section C.

Generalized advantage estimation (GAE) [39] is adopted
to estimate the advantage function A and use the advantage
function Aj instead of the local value function Qj , thus
reducing the variance:

ÂGAEj

�
� jt ;u

j
t ; At

�
:=

1X

t=0

(
�GAE)l�Qjt+l (22)

where �GAE is the discount factor in GAE, �Qjt =
Qj(� jt ;u

j
t ; A)�Vj(� jt ). We construct the relationship between

Vtot and Vj using the same At and train Vtot with TD-error
(see Appendix Section B for detailed descriptions).

We use the clip function to constrain Importance sampling,
and derive r’LPG:

r’LPG =

= �E(�t;ut;At)�D[
X

j

min
�
rjt (’) Âj ; fclip(rjt (’) ; �)Âj

�

r ln �’ (Atj�t)]
(23)

where rjt (’) = P’;j (mj)=P’old;j (mj) , fclip(rjt (’) ; �) =
clip

�
rjt (’) ; 1� �; 1 + �

�
, D is the replay buffer of the graph

policy network and is independent of the replay buffer of the
Q-value function network.
Lentropy is the loss function of the policy entropy. We add

the policy entropy to the loss to improve the exploration ability
of the graph policy network:

Lentropy = �E�t�D[H (�(� j �t;’))]

= �E�t�D[
X

i

X

j

�ij(� j �t;’) log (�ij(� j �t;’))] (24)

where �ij(� j �t;’) denotes the probability of connecting agent
i with the local function Qj .

V. EXPERIMENT

This section delineates a comparative analysis of the Dy-
namic Deep Factor Graph (DDFG) algorithm against a suite
of state-of-the-art algorithms including Value Decomposition
Networks (VDN) [8], QMIX [9], Combined-Weighted QMIX
(CW-QMIX)/Optimistically Weighted QMIX (OW-QMIX)
[13], Multi-Agent Proximal Policy Optimization (MAPPO)
[5], QTRAN [11], QPLEX [12], Deep Coordination Graphs
(DCG) [15], Sparse Optimistic Policy Coordination Graph
(SOPCG) [18], and Coordination Among Sparsely Communi-
cating Entities (CASEC) [19]. The implementation of DDFG,
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Fig. 3: HO-Predator-Prey environment. Predators are marked
in blue, prey is marked in red, and the blue grid represents
the range of movement of the predator.

constructed using PyTorch, is publicly available alongside
baseline experiment codes in the designated repository.

To elucidate the ef�cacy of DDFG, we evaluate it across two
distinct scenarios, detailed further in Appendix Section D with
regards to hyperparameter con�guration and additional exper-
iments: (1) an advanced Higher-Order Predator-Prey model
[15], and (2) the StarCraft II Multi-agent Challenge (SMAC)
[40].

A. Higher-order Predator-Prey
The Predator-Prey environment, as utilized in DCG, was

augmented to engender a Higher-Order Predator-Prey (HO-
Predator-Prey) scenario, exhibiting increased complexity.

Original Predator-Prey Scenario: This model positions
the prey on a grid, where agents may execute capture actions.
Successive captures by two or more agents on the prey,
positioned in adjacent squares (top, bottom, left, or right),
result in a collective reward of r. Conversely, an unsuccessful
solo capture action in�icts a sub-reward penalty of p.

Higher-order Predator-Prey (HO-Predator-Prey): The
HO-Predator-Prey scenario (as shown in Figure 3) extends the
adjacency to include eight squares around the prey: Upper,
Lower, Left, Right, Upper Left, Upper Right, Lower Left,
and Lower Right, necessitating X or more simultaneous
capture actions for success, with X set to 3. Furthermore,
the decomposition of the DDFG value function is constrained
to a highest order of 3, linking each local value function with
no more than three agents.

Our experimental framework evaluated the in�uence of
varying penalty values p (0, -0.5, -1, -1.5), with the outcomes
depicted in Figure 4. In scenarios devoid of penalties (Figure
4a), a broad array of algorithms including Value Decompo-
sition Networks (VDN), QMIX, Combined-Weighted QMIX
(CW-QMIX), Optimistically Weighted QMIX (OW-QMIX),
QPLEX, Deep Coordination Graphs (DCG), Sparse Optimistic
Policy Coordination Graph (SOPCG), Coordination Among
Sparsely Communicating Entities (CASEC), and Dynamic
Deep Factor Graph (DDFG) converged to the optimal solution.
In contrast, QTRAN and MAPPO only managed to achieve
partial success. As a policy gradient method, MAPPO’s perfor-
mance in the HO-Predator-Prey environment is not as good as
that of other value-based methods. Notably, DDFG exhibited

a reduced rate of convergence, attributable to its ongoing
optimization of graphical policies concurrent with value func-
tion �tting, which inherently diminishes convergence veloc-
ity. Upon the introduction of penalties (Figures 4b-4d), all
baseline algorithms except for CW-QMIX, OW-QMIX, DCG,
SOPCG, CASEC, and DDFG succumbed to failure, unable
to circumvent the pitfall of relative overgeneralization. As
penalties intensi�ed, CW-QMIX, OW-QMIX, DCG, SOPCG,
and CASEC progressively struggled to attain the optimal
solution, with complete failures recorded in certain trials.

When penalty p was set to -0.5, CW-QMIX exhibited partial
success; however, as the penalty increased to -1 or beyond, it
failed outright. OW-QMIX, despite partial successes across
varying penalty levels, encountered dif�culties in accurate ac-
tion learning as penalties escalated. This is in stark contrast to
the outright failure of QMIX, where CW-QMIX/OW-QMIX’s
partial successes can be attributed to the Weighted QMIX
operator’s non-monotonic function mapping, thus boosting al-
gorithm performance. Despite DCG’s ability to learn success-
fully across all scenarios, its average reward and convergence
rate fell short of DDFG’s performance. This discrepancy is
linked to DCG’s static coordination graph structure, which
hinders learning of collaborative policies involving more than
two agents due to redundant information in message passing
and an inability to adapt to complex collaborative decisions
among three or more agents. Conversely, SOPCG and CASEC,
despite their advancement in dynamic sparse graph structures,
were hampered by the intrinsic limitations of the coordination
graph’s expressive capacity, thus failing to achieve compre-
hensive success. DDFG, however, demonstrated pro�ciency
in learning optimal policies across all scenarios by dynam-
ically modeling cooperation among predators through graph
policy networks and employing factor graphs for collaborative
decision-making among multiple agents, facilitated by the
max-sum algorithm.

Further experimentation, incorporating a time-step penalty
rt = �0:1 while maintaining constant penalty values p
(-0.5, -1), is presented in Figure 5. The imposition of a
temporal penalty rt, equating to a negative reward at each time
step when agents remain stationary, ostensibly complicates
convergence by augmenting negative rewards. Nonetheless,
this approach simultaneously fosters exploration. In scenarios
with p = �0:5, the inclusion of rt enabled algorithms such as
VDN, QMIX, CW-QMIX/OW-QMIX, SOPCG, and CASEC
to enhance exploration, thereby overcoming relative overgen-
eralization to achieve optimal solution convergence in certain
instances. Yet, in a majority of cases, these algorithms still
faced outright failure. With p = �1, the augmentation of rt
failed to facilitate success for these algorithms. Particularly for
SOPCG and CASEC, the substantial increase in rt markedly
impeded algorithmic success probability. The dynamic sparse
coordination graph structure exhibited no discernible advan-
tage in the HO-Predator-Prey context, with CASEC’s per-
formance even trailing behind DCG. For DCG, the negative
temporal reward rt adversely affected convergence, rendering
outcomes in scenarios with p = �1 less favorable compared
to those without rt. Conversely, DDFG consistently converged
to the optimal policy irrespective of rt’s presence, though the
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Fig. 4: Median test return for the Higher-order Predator-Prey task with different penalties p(0,-0.5,-1,-1.5), comparing DDFG
and baselines.

introduction of rt inevitably slowed DDFG’s convergence by
accruing more negative rewards.

Finally, this paper visualizes the dynamic structure of factor
graphs in HO-Predator-Prey tasks, as shown in Figure 6.
We tested the DDFG after two million steps of training in
an experimental scenario with a penalty of p = �1:5 and
r = 0. In an episode shown in Figure 6, 9 agents successfully
captured 6 prey within 50 time steps (ending 150 time steps
earlier). This paper selects scenarios where agents cooperate
to capture prey at two moments, t = 15 and t = 20, and
visualizes the factor graph structure at these two moments.

At t = 15, agents 1, 4, 5, and 6 collectively encompass
prey 6 and successfully captured it. The actions executed at
t = 15 reveal that agents 1, 5, and 6 initiated the ’capture’
action leading to the successful capture of prey 6. Insight from
the factor graph structure at t = 15 demonstrates that, the
dynamic graph policy generated joint value function nodes

for agents 1, 5, and 6, managing to orchestrate their capture
actions effectively.

At t = 20, agents 1, 4, 5, and 9 encircle prey 1, while
agents 4, 7, and 8 concurrently surround prey 5, leading to
the capture of both prey. In reference to the list of actions
executed by the agents, agents 4, 5, 7, 8, and 9 are all noted
for executing the ’capture’ action. This means that agents 4, 5,
and 9 are responsible for capturing prey 1, whereas agents 4, 7,
8 are accountable for the capture of prey 5. Notably, agent 1 is
not involved in the capture, while agent 4 contributes to both
capture actions. This pattern is re�ected in the factor graph
structure at time t = 20. This re�ects that the graph structure
generated by the dynamic graph policy will directly guide the
coordinated actions between agents. Moreover, even though
the dynamic graph policy does not successfully generate joint
nodes for agents 4, 5, 9 or 4, 7, 8, the capture action is
still successfully completed. This highlights the signi�cance
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Fig. 5: Median test return for the Higher-order Predator-Prey task with rt, comparing DDFG and baselines.

Fig. 6: The dynamic changes in the graph structure of DDFG in the Higher-order Predator-Prey task (performing the "capture"
action).

of the message passing algorithm. Starting from the factor
nodes, Eq.(14) and (13) are alternately called to propagate
and aggregate the value function information between the
factor nodes and variable nodes, which ultimately leads to the
successful capture of two preys by �ve agents.

In summary, the disparity in the factor graph structures
between t = 15 and t = 20 as indicated in Figure 6 under-
scores the ability of the dynamic graph policy introduced in
this paper to generate factor graph structures that adapt to the
real-time changes. Meanwhile, the above discussion con�rms
that the dynamic graph policy has the ability to generate
real-time factor graph structures, thereby guiding multi-agent
collaboration. Additionally, the scenario at t = 20 highlights
that even without the generation of an ’absolutely correct’ joint
value function node, the message passing algorithm can ensure

successful coordinated actions among agents, hence proving
the resilience of the dynamic graph policy.

B. SMAC

Transitioning to the SMAC domain, we confront a series
of more daunting experiments within the StarCraft Multi-
Intelligent Challenge Benchmark, evaluating empirical perfor-
mance across various environments through exploration and
FIFO buffers. For our purposes, we have selected a total of
�ve maps:: (a) 3s5z (Easy), (b) 5m_vs_6m (Hard), (c) 1c3s5z
(hard), (d) 8m_vs_9m(hard), (e) MMM2 (superhard), with the
opponent AI set to hard in both instances.

The experimental results, showcased in Figure 7, indicate
that in the 5m_vs_6m map, DDFG matches the performance
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Fig. 7: Median test win rate % for the SMAC task, comparing DDFG and baselines.

of OW-QMIX and CASEC, outperforming the remainder
of the baselines. In contrast, on other maps(3s5z , 1c3s5z,
8m_vs_9m and MMM2), DDFG demonstrates superior per-
formance relative to all baseline models. Initial learning veloc-
ity for DDFG is slower due to two primary factors: the SMAC
scenarios’ immunity to relative overgeneralization, preventing
baseline algorithms from stagnating at local optima, and the
temporal requirements for DDFG’s graph policy to identify
the optimal structural decomposition. This temporal lag results
in DDFG exhibiting a slower initial learning curve when
compared to some baselines during the experiment’s initial
phase.

The experiments validate DDFG’s scalability and ef�cacy
in complex tasks like SMAC, even in the absence of rela-
tive overgeneralization. Notably, DDFG demonstrates superior
performance to DCG in all scenarios by generating dynamic
graph structures that facilitate adaptive agent collaboration
against adversaries. DDFG’s ability to control varied agents for
joint decision-making against enemies secures a higher victory
rate. SOPCG and CASEC exhibit diminished success rates
on the MMM2 map, while maintaining average performance
on the 8m_vs_9m scenario. This discrepancy underscores the
variability and stability concerns associated with dynamically
sparse graph structures in �uctuating contexts, as evidenced
by the divergent success rates across different maps. DDFG’s
employment of high-order value function networks and the
max-sum algorithm for global policy optimization culminates
in elevated success rates across varied SMAC maps.

Figure 8 presents the visualization of the factor-graph
structure in the StarCraft II experiment. This paper uses the

3s5z scenario and tests the DDFG after two million steps
of training. In an episode displayed in the �gure, our team
controls 3 Stalkers and 5 Zealots against the enemy’s identical
setup of 3 Stalkers and 5 Zealots and eventually secures the
victory.

At t = 24, agents 4, 5, and 7 collaboratively attack a
Zealot. The graph-structured policy successfully learns the
cooperation between 4 and 7, and manipulates 5 through
separate factor nodes to accomplish the collective cooperation
of the three agents. At the same time, the graph-structured
policy constructs cooperation between agents 1, 3 and 2, 3. The
message passing is conducted through the max-sum algorithm
on the factor graph, ultimately achieving the collaborative
attack on the enemy by agents 1 and 3.

At t = 32, agents 3, 4 collaboratively attack a Stalker, while
agents 6 and 7 jointly attack a Zealot. The graph-structured
policy successfully learns both cooperations simultaneously.
At t = 39, agents 2 and 6 attack a Stalker, while agents 3, 4,
and 5 collaborate to attack a Zealot. The graph-structured pol-
icy learns the cooperation of 2 and 6. As for the collaboration
of agents 3, 4, and 5, the policy only learns the cooperation
between 3 and 5, but also manipulates 4 through a separate
factor node to ultimately complete the attack.

In summary, Figure 8 displays different factor graph struc-
tures at three different moments, validating the effectiveness
of the graph-structured policy. In most situations, the graph-
structured policy can directly create corresponding factor
nodes to accomplish collaborative attacks. In other cases, the
policy can pass messages among different agents by executing
the max-sum algorithm on the factor graph.
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Fig. 8: In the StarCraft II task (3s5z map), the dynamic changes in the graph structure of DDFG. The �rst row shows the
dynamic FG structure at different time moments t, where the red agent nodes represent dead agents. The second row indicates
the intent to attack from our agents, with the green nodes being our agents and the red ones being the enemies. The third row
shows the corresponding game screen, where the red circle marks collaboration between agents, and the green numbers are
agent IDs (corresponding to the FG structure in the �rst row).

Fig. 9: The ablation experiment of graph generation policy in HO-Predator-Prey and SMAC environments.

C. Ablation study

The Dynamic Deep Factor Graph (DDFG) algorithm is dis-
tinguished by its integration of a value function module and a
graph generation policy. As delineated in Appendix Section B,
a notable inference is that DDFG, when constrained such that
every pair of agents is connected to a factor node, effectively
reduces to the Deep Coordination Graph (DCG) framework.
This scenario can be interpreted as DDFG operating under
a static graph structure. DCG employs a fully connected
graph structure, and as evidenced in Figures 4, 5, and 7,
it achieves a measurable degree of success/win rate across
various scenarios. This observation underscores the intrinsic
value of the function module within the algorithm. This section
aims to elucidate the contributions of graph generation policies
through the deployment of ablation studies.

First, we initiate a comparison between dynamic and �xed
graph policies. Observations from Figures 4, 5, and 7 re-

veal that DDFG consistently outperforms DCG across all
tested environments. This disparity suggests that static graph
strategies are inadequate in encapsulating the dynamic col-
laborative relationships among agents within the environment.
Conversely, the graph generation policy introduced in this
work adeptly captures these collaborative dynamics, thereby
enhancing overall algorithmic performance. Moreover, DDFG
consistently demonstrates a superior learning velocity com-
pared to DCG, implying that the iterative alternation between
updating the dynamic graph policy and the value function
network contributes to expedited learning processes.

Second, the study contrasts the dynamic graph policy with
a random graph policy, with results depicted in Figure 9.
The random graph policy is characterized by a uniform
probability distribution governing the connectivity between the
value function and agents, effectively equating the local value
function to a uniform connection probability among agents.
Selecting speci�c scenarios/maps within the HO-Predator-
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Prey and SMAC frameworks for experimentation, Figure 9
delineates a pronounced divergence in performance between
the dynamic and random graph policies. This divergence
validates the dynamic graph policy’s capability to adaptively
learn the evolution of collaborative relationships among agents
across different temporal junctures, a feat unachievable by
the random graph policy. Furthermore, in the context of HO-
Predator-Prey experiments, the application of a random graph
policy within the DDFG framework engendered a negative
feedback loop between the learning mechanisms of the random
graph and the value function. This phenomenon highlights the
detrimental effects of a random graph policy on the value
function network within challenging environments, thereby
emphasizing the criticality of accurately learning collaborative
relationships.

For other ablation experiments, please refer to the Appendix
Section D.

VI. CONCLUSIONS & FUTURE WORK

This paper has introduced the Dynamic Deep Factor Graph
(DDFG) algorithm, leveraging factor graph decomposition for
global value functions, signi�cantly enhancing the algorithm’s
capability to counteract relative overgeneralization. Employing
tensor-based CP decomposition, DDFG adeptly navigates large
action spaces with heightened ef�ciency. Furthermore, through
the development of a graph structure generation policy utiliz-
ing a hypernetwork, DDFG dynamically generates adjacency
matrices, capturing the �uid collaborative dynamics among
agents. Employing the max-sum algorithm, the optimal policy
for agents is ascertained. This paper theoretically prove the
error upper bound of the global value function under high-
order decomposition. This paper discovers the relationship
between the maximum decomposition order D and the error
upper bound highlights the trade-off between model accuracy
and computational cost. This provides a theoretical foundation
for balancing the computational overhead of approximating the
global value function and the performance degradation from
decomposition. DDFG’s effectiveness is empirically validated
in complex higher-order predator-prey tasks and numerous
challenging scenarios within the SMAC II framework. Com-
pared to DCG, DDFG explicitly learns dynamic agent collab-
oration and offering a more adaptable decomposition policy.
Future endeavors will explore the elimination of the highest
order limitation within DDFG to enhance the decomposition
method’s �exibility while preserving algorithmic learning ef-
�ciency.
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