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Abstract—Maulti-agent reinforcement learning (MARL) re-
quires effective coordination among multiple decision-making
agents to achieve joint goals. Approaches based on a global value
function face the curse of dimensionality, while fully decomposed
centralized training with decentralized execution (CTDE) methods
often suffer from relative overgeneralization. Coordination graphs
mitigate this issue but typically fail to capture dynamic collabora-
tion patterns that evolve over time and across tasks. We propose
Dynamic Deep Factor Graphs (DDFG), a value decomposition
algorithm that represents the global value via factor graphs and
learns graph structures on the fly through a graph-generation
policy, adapting to evolving inter-agent relations. We provide a
theoretical upper bound on the approximation error of high-
order decompositions and reveal how the maximum order D
trades off accuracy against computation, offering guidance for
balancing performance and cost. Using max-sum for inference,
DDFG efficiently derives joint policies. Experiments on higher-
order predator-prey and SMAC show consistent gains over
strong value-decomposition baselines, demonstrating improved
sample efficiency and robustness in complex settings. Code is
available at https://github.com/SICC-Group/DDFG.

Index Terms—dynamic graph; factor graph; multi-agent rein-
forcement learning; relative overgeneralization; dynamic collab-
oration.

I. INTRODUCTION

Collaborative multi-agent systems have become increasingly
relevant across a broad spectrum of real-world scenarios,
encompassing areas such as autonomous vehicular navigation
[1], collective robotic decision-making [2], and distributed
sensor networks. In this context, Reinforcement Learning (RL)
has demonstrated remarkable efficacy in tackling a diverse
range of collaborative multi-agent challenges. Notably, intri-
cate tasks such as the coordination of robotic swarms and
the automation of vehicular control are often conceptualized
within the framework of Collaborative Multi-Agent Reinforce-
ment Learning (MARL) [3].
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Addressing these complex tasks frequently necessitates the
disaggregation of either the agents’ policy mechanisms or
their value functions. Within the domain of policy-based
methodologies, Multi-Agent Deep Deterministic Policy Gra-
dient (MADDPG) [4] has been recognized for its ability
to learn distributed policies tailored to continuous action
spaces. Multi-Agent Proximal Policy Optimization (MAPPO)
[5] achieves better performance than MADDPG by extending
Proximal Policy Optimization (PPO) [6] to multi-agent sce-
narios. Meanwhile, Decomposed Off-Policy Policy Gradient
(DOP) [7] introduces the idea of value function decompo-
sition into the Actor-Critic framework, addressing the credit
assignment problem in both discrete and continuous action
spaces. On the spectrum of value function-based approaches,
Value Decomposition Networks (VDN) [8] pioneer the de-
composition of the collective action-value function into an
aggregation of individual action-value functions. Furthering
this paradigm, QMIX [9] innovates by conceptualizing the
collective action-value function through a monotonic function,
thereby enhancing the representational capacity of the system.

However, in the realm of collaborative multi-agent systems,
methodologies often grapple with a game-theoretic compli-
cation known as relative overgeneralization, a phenomenon
where the punitive consequences for non-collaboration
amongst agents overshadow the rewards for cooperative en-
gagement, culminating in less-than-optimal performance out-
comes [10]. To mitigate this issue, QTRAN [11] ameliorates
the constraints on value function decomposition inherent in
QMIX by introducing the Individual-Global-Max (IGM) con-
dition and devising two soft regularization methods aimed at
fine-tuning the action selection process to balance between
joint and individual value functions. Subsequently, QPLEX
[12] advances this concept by proposing an enhanced IGM
that parallels the original in importance and incorporates the
Dueling architecture to further refine the decomposition of the
joint value function. Meanwhile, Weighted QMIX (WQMIX)
[13] transitions from "monotonic" to "non-monotonic" value
functions through the introduction of a weighted operator,
addressing the limitations of monotonicity constraints. Despite
these advancements, the stated algorithms occasionally falter
in identifying the globally optimal solution due to the inherent
constraints of value decomposition.

The Coordination Graph (CG) framework [14] presents a
viable alternative that preserves the benefits of value function
decomposition while simultaneously addressing the issue of
relative overgeneralization. Within this framework, agents and
the synergistic gains from their interactions are represented
as vertices and edges, respectively, in a graph structured
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according to the joint action-observation space. Deep Coor-
dination Graphs (DCG) [15] approximate these gain func-
tions using deep neural networks and disseminate the derived
value functions across the graph [16] via a message-passing
algorithm. The fixed structure of coordination graphs in DCG
limits their applicability to diverse real-world scenarios. NL-
CG [17] attempts to extend CG to nonlinear scenarios, while
SOPCG [18] and CASEC [19] enhance the representational
capacity by constructing sparse coordination graph structures.
The Deep Implicit Coordination Graph (DICG) [20] differs
from the aforementioned CG-based methods in that it repre-
sents message passing through Graph Convolutional Networks
(GCN) [21] instead of using the maximum-sum algorithm
on the CG. DICG integrates an attention mechanism within
the GCN, thereby introducing an implicit framework for the
coordination graph. Whether using the coordination graph
framework explicitly or implicitly, these methods are still con-
strained by the inherent limitations of the coordination graph
structure, especially when dealing with complex coordination
relationships.

To surmount these limitations, this paper introduces a novel
value decomposition algorithm termed the Dynamic Deep
Factor Graph (DDFG), which leverages factor graphs [22] for
the decomposition of the global value function into a sum of
local value functions of arbitrary order, thereby offering a more
robust characterization capability than coordination graphs.
Distinctly, DDFG eschews predefined graph structures in favor
of dynamically generated graphs that accurately represent the
collaborative relationships among agents, based on real-time
observations processed through neural networks. This paper
defines the graph generation policy as a quasi-multinomial
distribution and provides relevant theoretical proofs. Following
the idea of probability modeling from the PPO [6], we
constructed a networked graph policy over a quasi-multinomial
distribution to generate dynamic factor graph structures in
various scenarios. The adaptability of the graph structure is
further enhanced by the application of the message-passing
algorithm [23], optimizing the learning of agents’ policies and
the representational efficiency of value function decomposi-
tion.

The core contributions of our study are delineated as fol-
lows:

1) Canonical Polyadic (CP) Decomposition-based Factor
Graph Value Function Network. We leverage factor
graphs to decompose the global value functions into a
sum of higher-order local value functions, augmented
by tensor-based CP decomposition [24], [25]. This ap-
proach, an extension of the matrix low-rank approxima-
tion, significantly reduces parameter count and increases
update frequency by decomposing higher-order value
functions into the outer products of rank-one tensors.
Concurrently, we theoretically prove the error upper
bound of the global value function under the afore-
mentioned decomposition. We uncover the relationship
between the maximum order D and the error upper
bound, which highlights the trade-off between model
accuracy and computational cost.

2) Graph Structure Generation Policy. We propose a new

graph structure generation policy, defined as a quasi-
multinomial distribution. It is analogous to agent poli-
cies, for generating real-time, variable factor graph
structures through probabilistic modeling, akin to the
Proximal Policy Optimization (PPO) algorithm. This
policy facilitates the depiction of agent collaboration,
employing a neural network that processes agents’ ob-
servations to generate dynamic graph structures. We
have presented the Policy improvement lower bound
for the graph policy and derived the loss for the graph
policy, thereby providing a theoretical foundation for its
optimization and convergence.

3) Dynamic Deep Factor Graph-Based MARL Algorithm.
The DDFG algorithm, leveraging factor graphs over
coordination graphs, addresses the pitfall of relative
overgeneralization by providing a more versatile de-
composition approach and generating dynamic factor
graph structures to enhance expressive power. Through
the application of factor graph message passing algo-
rithms to various graph structures, DDFG facilitates the
learning of agents’ policies. Comparative analysis with
contemporary MARL methodologies within the experi-
mental section showcases DDFG’s efficacy in complex
scenarios such as high-order predator-prey and SMAC
tasks.

The rest of this paper is organized as follows. Section 2
introduces the definition of factor graphs and Markov decision
processes based on factor graphs. Section 3 presents the
proposed Dynamic Deep Factor Graph algorithm. Section 4
presents the composition of algorithm related loss functions.
The simulation results and corresponding analysis are given
in Section 5. In Section 6, we conclude this paper.

II. BACKGROUND
A. FG-POMDP

A factor graph G is defined by a set of variable nodes
V', a set of factor nodes F, and a set of undirected edges
E. We correspond intelligent agents with variable nodes; If
the local value function corresponds to a factor node, then
a factor graph can represent a decomposition form of the
global value function. Define the adjacency matrix of the factor
graph at each time t as A; and add it to POMDP, proposing a
factor graph based POMDP, namely FG-POMDP. FG-POMDP
consists of a tuple < n,S, AU, R, P,{O"}"_,,v > [26].
Here, n represents the number of agents, .S describes the
true state of the environment, and 4* € U denotes the set
of discrete actions available to agent ¢. At discrete time t,
A € A is the dynamic factor graph structure in real-time. We
denote it by the adjacency matrix A; € {0,1}"™™, where m
denotes the number of factor nodes. The next state s,y € S
is obtained from the transfer probability s;11 ~ P(- | s¢, ut)
with 5,407 € S and w;, € U = U" x ... x U™ as con-
ditions. Each agent shares the same reward 7, := r(s¢, u;)
at moment ¢ and v € [0,1) denotes the discount factor.
Due to partial observability, at moment t, the individual
observations o} € O of each agent, the history of observations
o! and actions u! of agent i are represented as 7/ :=
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Fig. 1: Visualization of the factor graph Q(7,u) =
2. Qj(w [ 7).
JjET

(0, ub, 0, ... 0i_1,ui_y,00) € (OF xU')" x O. Without
loss of generality, the trajectory of the task in this paper is
denoted as 7 = (so, {0} }1_1, Ao, w0, 70, ..., s7, {0l }1y),
where T is the task length.

FG-POMDP modifies the decision process by introducing a
time-varying structural variable A; (the factor-graph adja-
cency matrix) into the model’s tuple. Concretely, A; conditions
both (i) the value decomposition of the joint action-value
into local factors (); (and their inputs) and (i) the max-
sum message passing used for joint action selection. Thus, the
learned structure directly shapes the agent-wise messages and,
in turn, the selected joint action w;; the policy is a function
of (7, Ay), not merely 7.

Collaborative MARL aims to find the optimal policy 7 :
S x U — [0, 1] that selects joint actions w; € U maximizing
the expected discounted sum of future rewards, achieved by
estimating the optimal Q-value function. The optimal policy 7
greedily selects actions w € U that maximize the correspond-
ing optimal Q-value function. However, when facing large
joint action spaces, deep neural networks with 6 parameters,
such as DQN [27] and Double-DQN [28], may struggle to
approximate the optimal Q-value function Qy. To address this
issue, various value decomposition algorithms have been pro-
posed to perform Q-learning in MARL efficiently. We describe
these value decomposition algorithms(VDN [8], QMIX [9],
WQMIX [13], QTRAN [11], QPLEX [12], DCG [15], SOPCG
[18], CASEC [19], MAPPO [5]) in Appendix Section A.

The learned policy cannot depend on the state s; in
a partially observable environment. Therefore, the Q-value
function @)y is conditioned on the agent’s observation-action
history 7 := {7/}"_,, which can be approximated as @y :=
Qo(u | 7¢) [29]. To achieve this, the agent’s observation
oy = (0%, .. .,0?) and previous action w;_; are fed into
an RNN network, such as a GRU, to obtain the hidden state
hy :== hy(- | hi—1,01,ui—1), where hg = 0. The Q-value
function Qg is then conditioned on the hidden state hg, i.e.,

Qo := Qo(u | hy).

B. Factor Graph

A factor graph G = (V,F,&) [22] is defined by the
set of variable nodes V, the set of factor nodes F' and
the set of undirected edges £. Factor graphs are bipartite
graphs represented as factorizations of global functions. Each
variable node v; € V in the factor graph corresponds to a

variable. Similarly, each factor node f; € F' corresponds to
a local function after the global function decomposition and
is connected by an edge £ to the variable node v; and the
factor node f; when and only when v; is an argument of f;.
A factor graph with n variable nodes and m function nodes
has a binary adjacency matrix defined as A € {0,1}" ™.

In multi-agent reinforcement learning (MARL), agents are
regarded as variable nodes, and the value functions of the
agents serve as factor nodes. The factor graph G decomposes
the global value function Q(7,w) into a sum of several local
value functions [30], and the decomposition relations are given
by the adjacency matrix A. Each variable node v, € V
represents an agent 4. Each factor node f; € F' is equivalent
to a local value function );, where n(Q;) denotes the set
of all variable nodes connected to @, i.e., i, € £. In the
remainder of the paper, all factor nodes previously denoted by
f; will be replaced with @; for clarity. (); denotes the joint
value function of all agents i € n(Q;). The factor graph G
(as shown in Figure 1) represents the joint value function.

Q(T,u) = Z Qj({vi}{i,j}es)
JjeT

=D Qi |7)

JET

(D

where 7 is the set of factor nodes and u/ € HiEn(Qj)Z/li
denotes the joint action of all agents.

III. METHOD

As depicted in Figure 2, the network structure of DDFG
comprises three main components: the graph policy, respon-
sible for generating the graph structure, the Q-value function
network, and the max-sum algorithm. Firstly, we obtain the
agent’s hidden state h! through a shared RNN network. Both
the graph policy and the Q-value function network share

¢, but the RNN network only updates jointly with the Q-
value function network. The graph policy takes h! as input
and outputs a real-time factor graph structure A; based on
o, = CONCAT[o},0?,...,0"]. Meanwhile, the Q-value
function network receives hi and A; as inputs and generates
the local value function ;. Finally, the max-sum algorithm
is utilized to compute the local value function ); and obtain
the action and global value functions of the agent.

A. Q-value function network

Given a known policy for generating graph structures p (ex-
plained in Section 3.3), at time t, we use A; ~ p to represent
the higher-order decomposition of the global value function
Q(7¢, u;). Simultaneously, using the adjacency matrix A;, we
represent the local value function Q;(7+,u?) as a network
parameterized by 6;. The joint value function, represented by
the factor graph G, is given by

Q71 ur, Ap) = Z Qj(ui | 7:0) @)
JjET

where J is the set of factor nodes, and ug denotes the joint
action of all agents at time ¢.
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Fig. 2: The algorithmic framework of DDFG. (a) The network structure of Q-value function (Section 3.1). (b) The overall
architecture of DDFG (Section 3). (c) The network structure of graph structure generation policy (Section 3.3).

DCG uses a deep network to learn the coordination graph’s
utility and payoff functions. Similarly, DDFG extends DCG to
factor graphs by learning the functions corresponding to the
factor nodes in the factor graph through a deep network. We
define the "order" of the value function @; as D (j), which
represents the number of agent j’s connections. The order
of these value functions can exceed the maximum 2 in the
coordination graph, making the value function decomposition
network more representable. We present the design principles
for the Q-value function network of the DDFG as follows:

a) The local value function (); accepts only the local
information of the agent ¢ € n(Q;).

b) Adopt a common recurrent neural network sharing pa-
rameters across all agents (yellow part in Figure 2).

¢) Employing a common fully connected neural network
sharing parameters on a local value function @); of the
same order D (j) (blue part in Figure 2).

d) Use tensor-based Canonical Polyadic (CP) decomposi-
tion for the local value function @; of D(j) > 2.

e) Allowing generalization to different factor graph struc-
tures.

According to principle a), the local value function (), (ui |
7;0;) = Qj(ul | 7/;0;), where 7{ denotes the joint
observation-action history of all agents ¢ € n(Q);). Based
on principle b), all agents share parameters using a recurrent
neural network (RNN) with generic architecture, denoted
as hi = hy(- | hi_j,ol,ui_;). This RNN is initialized
with hy = hy(- | 0,0,0). According to principle c), the
local value function Q;(u] | 7/;6;) can be approximated
as Qj(ui | hi;0p;)), where all local value functions of
order D (j) share the parameter ¢p;), improving operational
efficiency. The local value functions are spliced together using

the matrix h] = CONCAT;c,(q,)hi-
Dli

The size ﬁ) |Z/l’| of the joint action space involved in the
local value %ﬁrllction Q; grows exponentially with the order
D (j). Since only executed action pairs are updated during Q-
learning, the parameters of many outputs remain constant for a
long time while the underlying RNN network is continuously
updated. This can slow down the training speed and affect the
message delivery. To reduce the number of parameters and
increase the frequency of their updates, we extend the low-
rank approximation of matrices in DCG [15] and propose to
use the Canonical Polyadic (CP) decomposition of the tensor
[24], [25] to approximate the value function ();. The CP
decomposition of @); of rank K is defined by:

K
Q;(1h;0p¢)) =Y _ (fr(-1hf; 05 ;) )

=

@ fr( bl 0%) ® ... @ fu(|hl;0p(0)))
where ® is the outer product.

To approximate the value function in our reinforcement
learning model, we use a network of local value functions with
parameters {07, D) and output D(j)K ], Vi € n(Q;)
(as described in Eq.(3). The tensor rank is determined by
balancing the approximation’s accuracy against the parameter
learning speed.

However, as the adjacency matrix A; changes in real time,
the value of the global value function becomes unstable. To
address this, we fix all local value functions by setting D(j) =
1, which yields the global value function Q(7¢,u;) plus the
VDN decomposition expressed as (), 4,. This results in a new
adjacency matrix A,/ = CONCAT|Ay, I,,]. I, is defined as
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an nn identity matrix. The final global value function is then
given by:

Qtot(Tt»uthﬁ 6,%)

Z {JD( |Q3 ul | i 0p(;) +
JjET )

= Q(Ttvut) + den

ZQz uf | b 0p1))
=1
)

B. Theoretical Analysis of Value Function Decomposition and
Approximation

In this section, we approach the decomposition of the global
value function from a different perspective. Theoretically, we
prove the error upper bound of the global value function
decomposition and reveal the potential relationship between
the error upper bound and the maximum decomposition order
D of the value function.

In Section III-A, we define the decomposition of the global
value function Q. using factor graphs, and the final de-
composed form is given by Eq.(4). When we examine the
decomposition form of Eq.(4) from a different perspective and
arrange the local value function (); in ascending order of their
orders, Eq.(4) transforms into:

Qtot(‘l't, Ut)

1 n ) )
— fo+ = > Quuilh)

=1 (5)
A Z Q;(ullh) + -+ + Qu(ulhy)
JET2

where fj is a constant, n is the number of agents, Jy = {j|j €
J and D(j) = d} denotes the set of local value functions Q;
with order d.

In Section 3.1, we use the CP decomposition of tensors to
approximate the local value function ();. Substituting Eq. (3)
into Eq.(5), we obtain:

Quur ) = Jo - 3= Qutuif
- K n (6)
> ZHQ (uglhy) + -+ > [ [ Qiluilhi)
| 2‘]€J k=1i=1 k=1i=1

where K ; denotes the rank of the d-order local value function.
Q; corresponds to the value of each fy(- \GD(J)) in Eq. (3)
when the action wu} is taken, which can be regarded as the value
of the marginal density function of the local value function
corresponding to the agent :.

Subsequently, we can represent the global value function
Qiot as a Scalable Polynomial Additive Models (SPAM)
[31]. SPAM is an extension of Generalized Additive Models
(GAM) [32], which leverages the tensor rank decomposition
of polynomials to learn powerful and inherently interpretable
models.

n

fo +%Z<w1<ui>,hi>

Qtot(Tf,a ut) =

=1
‘ZZAZkH wa(uf), hy) + - (7)
jEJ2 k=1 i=1

K,
k=1 =1

where Ay denotes the eigenvalues corresponding to different
ranks after tensor decomposition of the local value function of
order d. wqy, denotes the trainable parameters of each network
Fi(-163).

We present an assumption regarding the decay of eigenval-
ues and a lemma. Through Proposition 2 in SPAM [31] and
the above content, we derive the error upper bound for the
decomposition of the global value function.

Assumption 1: (y-Exponential Decay) For the eigenvalue
Adi corresponding to the local value function ) in Eq. (7), it
is assumed to follow y-exponential decay, that is, there exists
an absolute constant C; < 1 and Cy = O(1) ,such that Ay
decays exponentially with the increase of the rank k: |Agx| <
Cy - exp (—Cs - k)

Lemma 1: (The Lipschitz condition for MSE loss) A
loss function L (f(z),y) is the MSE loss, and f(z) €
[—-C/2,C/2], then L (f(z),y) be 2C-Lipschitz.

Detailed proof of lemma 1 can be found in Appendix
Section C. Through the above assumptions and lemmas, we
can derive the error upper bound for the decomposition of
the global value function @Qy,; under the Lo regularized
models(see Appendix Section C).

Theorem 1: Let L be 2Cg — Lipschitz, § € (0,1], and
Assumption 1 hold with constants {C7,C>,~}. The general-
ization error for the optimal global value function Q},, be
E(Qr,:) ani_th\e genera/li_zition error for the empirical risk

minimizer QL;" be £(Qf) with K = {K}2 d1- Then, we
have for Lo—regularized ERM, where dek Uy ||2 < By,
1 < d < D, Byy = sup,||Qif|,. and |[All, < By where
A= {{\ar} e, 32|, with probability at least 1 — ,

— D K
E(Qiot") — E(Qior) 4CeB2 B2 Y ((Bw,z>d -
d=1 s
2log(4/d
£ Y DKt 1) + (2Ca)" + Co) | 2B
d= D+1 (8;

where ns denotes the number of samples, K ; denotes the
tensor rank for each order d.

In Section III-A, we decompose the local value functions of
the same order d into the outer products of rank-one tensors.
In this paper, however, our focus is not on the rank size for
the same order, but rather on the selection of the maximum
order D in the decomposition of the global value function.
Therefore, we set K, (the tensor rank) for all orders d to
a constant C'x. Under these circumstances, the error upper
bound becomes:
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£(QB,) — £(Q}y)
(sz)D 1 9

< Cfinall : - CfinalQ -D + Cfinal3
B2 —1
where  Cyinant = 4CoBx 2B 28w 2 ?TK
Cltinal2 % exp(—(Ck +1)"),  Crinas =

(2(C’Q)2 +Cq )/ 2EG 4 G o (—(Cx +1)7) (n - 1).

Eq. (9) reveals the rélationship between the error upper
bound and the maximum order D of the value function decom-
position, which highlights the trade-off between computational
cost and model accuracy. As D increases, the complexity of
the model (the first term in Eq. (9)) increases, which means
higher computational cost, while the approximation error (the
second term in Eq. (9)) decreases. This indicates that selecting
a moderate D can effectively reduce the error and improve
the algorithm performance. The related experiments will be
presented in Appendix Section D.

C. Graph structure generation policy

At each time step, we represent the graph policy as p(A; |
7¢). With the graph policy p, we can obtain the adjacency
matrix A; ~ p. As described in Section 3.1, the decomposition
of a global value function is associated with A;. However,
the decomposition of the global value function should not
be static, and the collaborative relationship among the agents
should be dynamic when facing different environmental states.
While the factor graph can decompose the global value
function, its decomposition corresponds to a fixed adjacency
matrix. Similarly, DCG decomposes the global value function
into a fixed, fully connected structure. Therefore, this section
proposes a graph policy p that can dynamically generate real-
time graph structures that represent the changing collaborative
relationships among agents.

We propose a graph policy p that can dynamically generate
real-time graph structures to address this issue. We represent
the graph policy p(A; | 7¢) = p(A; | 7¢; @) using a network
parameterized by . The graph policy network shares the same
RNN network as the Q-value function network but does not
participate in the parameter update. We use hi = hy(- |
hi_y,0t,ui_;) as the input of the graph policy network. To
better represent the global relationships of all agents, we use
the global states s; as the input of the hypernetwork to obtain
the parameters of the graph policy network. We refer to the
network structure design of QMIX and train the weights W of
the hypernetwork without absolute value restrictions to obtain
more information in oy.

We employ a two-layer hypernetwork and incorporate a
fully connected layer as an action layer to initialize the proba-
bility of each edge equally. Subsequently, we apply a softmax
activation function to process the output of the graph structured
network, constraining the output between 0 and 1, in order
to derive the probability of edge connections corresponding
to the adjacency matrix A;. Specifically, the graph policy
p(As | 1) outputs a matrix P(A;) = {aij}NXM, representing
the probabilities of edge connections corresponding to the

adjacency matrix A;, where N is the number of intelligent
agents (variable nodes), M is the number of local value
functions (factor nodes), and a;; represents the probability of
connection between the i-th intelligent agent and the j-th local
value function (Zio a;; = 1). For each local value function
Q;, the probability distribution of its connections with all N
agents is defined as a multinomial distribution.

Definition 1: In the graph policy p(A; | 7¢), for each local
value function @;, randomly Variable X = (X1, Xo,..., Xx)
represents the number of connections between (); and N
agents, where X; represents the number of times the i-th agent
is connected to @;. X satisfies:

() X; 201 <i<N),and X3+ Xo+---+Xny=m,
m is the total number of connections between (Q; and
N agents;

(2) Let mi,mo,...,my be any non-negative integer, and
mi1+meo+---+muy = m, then the probability of event
{X; =my, Xo =ma,..., Xy =mpy} occurring is:

P{Xl :ml,XQZTTLQ,...,XN :mN}

m! (10)

m me m
= P P2 pN Y
mipmol---Mpy-:

where p; > 01 <i< N),p1 +p2+-+py =1

Then X conforms to the multinomial distribution, that is, X ~
P’m(m - Pp1,D2,--- 7PN)

Proposition 1: In the graph-generation policy p(A; | 7¢), for
each local value function @)}, let X ~ Pp(D : p1,p2,...,pN)
be the random variable denoting the number of all agents
connected to ;. Then the algorithm’s maximum factor order
is D.

Proposition 2: In the graph policy p(A; | 7¢), for each
local value function @;, when The number of times it is
connected to N agents corresponds to a random variable
X ~ Pp(D : p1,ps,...,pN), then each @, corresponds to
"sub-policy" conforms to a quasi-multinomial distribution, that
is, p(Q;) ~ Pp(D : p1,pa,...,PN)-

Detailed proof of Proposition 1,2 can be found in Appendix
Section C. Through the above definitions and inferences, we
represent the graph structure generation policy as a a quasi-
multinomial distribution, and train it with a neural network.
Meanwhile, it can be concluded that by setting the maximum
order D of the graph policy network, the factor graph can
represent all collaborative relationships of less than or equal
to D agents.

Next, we present the Policy improvement lower bound [33],
[34] for the graph policy p, which provides the theoretical
foundation for learning p. As shown later, this bound implies
that by maximizing it, we can guarantee policy improvement
at each step of the learning process.

Theorem 2: (Graph Policy Improvement Lower Bound).
Consider the behavior (trajectory-collecting) graph policy poiq-
For the current graph policy pne. that we need to improve,
we have
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J(pnew) - J(pOld) > — E ['Apold,ﬂozd (s, A, u)]
1 =79 spMota
A~pnew
UNTold
cn new (A4S
S B Prew(Als)
(1 —7)% (s.A)~D"ota || pora(Als)

11
where J denotes the objective function optimized in reinforce-

ment learning, C' = max | E  [A, 5.5 4,0,
$€S | A~ppew
U~Told

IT = p(Als) 7 (uls, A) denotes the joint policy of all agent
policies.

Detailed proof of Theorem 2 can be found in Appendix
Section C. We refer to the first term in the lower bound of
Theorem 2 as the surrogate objective (SO), and to the second
term as the penalty term (PT). It should be noted that, during
policy improvement, as long as the lower bound of each update
is positive, the new graph policy is guaranteed to outperform
the old one.

To ensure that the lower bound of each policy improvement
step remains positive, we need to guarantee that SO > PT. In
this case, the SO should be maximized while constraining the
size of the PT. Maximizing SO can be reduced to maximizing
the objective J (Eq. (18)) in Section IV-B. At the same time,
Eq. (23) in Section 4.2 is used to bound PT so that the
graph policy can be effectively improved. Taken together, this
proof and the loss derivation for the graph policy in Section
IV-B provide the theoretical basis for the optimization and
convergence of the graph policy p.

D. max-sum algorithm

In the previous section, we obtained the local value func-
tions using the Q-value function network. In this section, we
will demonstrate how to use the max-sum algorithm [30], [35]
on factor graphs to obtain the final action for each agent.

First, we obtain the adjacency matrix A; from the graph
structure generation policy p and concatenate it with I, to
form A,’. To facilitate the derivation, we consider all factor
nodes represented by A’ as a single entity. Then, the action
selection process aims to solve the following problem(See
appendix C for detailed derivation):

’U:I = argmax Qtot(Tt, ug, Ag; 0, w)
u

= argmax (Z Qj({vi}{i,j}egf))
(ug,...;uy) jeJ
where J' = JU{m + i}, = EU{{i, i} | 1 < i <
nj=j7+1j=1~n)}.

In illustrating the max-sum algorithm for factor graphs, we
will omit moment t’s representation. The max-sum algorithm
for factor graphs consists of two types of messages. Let N (z)
denote the set of neighbors of node x. The message sent from
the variable node v; to the factor node Q); is:

>

QreN (vi)\{Q;}

(12)

foi—@Q, (Vi) = BQr—v; (Vi) + v, (13)

where N (v;)\{Q;} denotes the set of nodes in N (v;) except
Qj, and ¢,, @, is the normalization term.

The message sent from the factor node @), to the variable
node v; is:

HQp—v (v1) = max (Qp(vp)

'Up\'UL
>

vk €N (Qp)\{v}

where v, \v; denotes the parameters in the local function @,
except v;, and cq,—v, is the normalization term. The agent
continuously sends, accepts, and recomputes messages until
the values of the messages converge. After convergence, the
behavior of the agent is given by the following equation:

DD e e ()

QrEN (v;)

14
Hvi—Qp (Uk)> + CQp—vy 14

15)

u* = [arg max
Uq

However, this convergence exists only in acyclic factor
graphs, meaning that the exact solution can only be achieved in
such graphs through the max-sum algorithm. When the factor
graph contains loops, as depicted in Figure 1, the general
max-sum algorithm cannot guarantee an exact solution due
to the uncertain manner nodes receive messages containing
messages sent from the node, leading to message explosion.
Asynchronous messaging [36] and messaging with damping
[37] can mitigate this issue.

IV. LOSS FUNCTION

The value function and graph policy networks use different
loss functions and alternate updates. This section will explain
the form of loss construction for each network.

A. Loss of the Q-value function network

We update the Q-value function network using the loss form
that is referred to in DQN. We maintain a target network [28]
and a replay buffer [38]. We also deposit the adjacency matrix
A, obtained from the graph policy, into the replay buffer.
This way, we obtain the decomposed form of the global value
function Q+,; through the adjacency matrix A. In contrast, the
decomposed local value function @); is obtained through the
60,1 parameterized Q-value function network. Finally, we use
the globally optimal joint action u* obtained by the max-sum
algorithm. To achieve this, we learn 6, by minimizing the
TD error, as follows:

‘CQ (T7 Aa u,r; 97 w) =

T
1 = T\ 2
E T (Qtot(Tt,ut,At)—ydqn (rtht+17At+1§0a1/1))
t=0
(16)
where 7 = {m}L, (note: T in this paper only

denotes the set of observation-action histories 7, not
the trajectory of the whole task), and r; is the reward
for performing action w; transitions to T¢y1 in the

observation  history  T.y%" (m,TEHJ At+1§971/}) =

e+ YQtot(Ter1, Uy, Arr1; 0,0)ur =
[argmax Y. pQu—wv; (Vi)]Fo1.0,% is the parameter
ui+1 QrEN(v;)

copied periodically from 6, .
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B. Loss of graph policy network

MARL aims to maximize the expected discounted sum of
future rewards. Therefore, the natural objective of the graph
policy network is to find the optimal graph policy p(A; | 7¢; ¢)
that achieves this goal. However, if we use a DQN-style loss
function, the gradient cannot be returned to the graph policy
network, making training impossible. To address this issue,
we adopt the policy gradient approach [6] and treat the graph
policy p(A: | 7+ ) as the action policy 7 (uy | 7¢), and
use the policy gradient approach to design the graph policy
network’s loss function.

The loss function for the graph policy network is:

»CG (T, A, u,r; 99) = »CPG - >\’H£'entropy (17)

where Ay is the weight constant of Lepniropy. Our objective
is to maximize the expected discounted return, for which we
define the maximization objective function as follows:

0,1, ¢)

where ITg g =gy (U, A | s) = py (A] s)mgy (u] s, A)
denotes the joint policy of all agent policies and graph policies,
., , (S0) is the policy Iy, , under s as a function of
the state value of so. The derivation of the objective function
J(-) yields (see Appendix Section C for the corresponding
derivation):

@J(97w7@) =
[Qtot (Tm U, At) Vin Py (At‘Tt)]

maximize J( = mazximize wvr,, , (s0) (18)
@ e s

i (19)
(Tt,ut,AL)~T

We refer to the PPO [6], which uses importance sampling
for graph policies to improve training efficiency:

Veod =

Po (Ar | 1)
(et A)~Tora Poora (At | Tt)
Vinp, (A | 1)

In order to get a more accurate graph policy p, we use the
local value function (Q; instead of the global value function
Q1o+ for calculation. The graph policy p can be decomposed
into "sub-policy" in which all local value functions are con-
nected to the agent. Comparing the value function used in the
actor-critic algorithm to evaluate the quality of the policy, in
DDFG the global value function Q;,; can evaluate the graph
policy p Then it is natural to use the local value function
to evaluate the quality of the "sub-policy". Essentially, this
is a credit allocation idea. The global value function Q. is
the sum of the local value functions );, The larger @;, the
greater its contribution to (s, as (); whole, which means that
the corresponding local The greater the contribution of the
value function @; to the "sub-policy” connected to the agent.
Therefore, the "sub-policy" should be accurately evaluated by
Qj, then V,J becomes:

Vo] =

Qrot (Te, g, Ay) (20)

5 D ( Pp.; (m;)
(Te,ue,At)~Tord jed P,

PoldsJ (mj)Qj (th’ui7At)> b
Vinp, (At | )]

mj N
pJNa

My i

where P, ; (m;) = "Pji

2 Pt
{mj1,.mj N} EHM
pj,; represents the probability that the local value function

Q; is connected to agent i, m;; represents the number of
times the local value function (); is connected to agent i,
my ={mjit;_y_y-

Proposition 3: In the graph policy p(A: | 7¢), for each
local value function (Q;, when Its corresponding "sub-policy”

p(Qj) ~ PD(D P1,D2,--.,PnN), then Eq.(21) can be derived
from Eq.(20).

Detailed proof of Proposition 3 can be found in Appendix
Section C.

Generalized advantage estimation (GAE) [39] is adopted
to estimate the advantage function .4 and use the advantage
function AJ instead of the local value function @;, thus
reducing the variance:

M8

(22)

AGAE (.3 ..
Aj (Ttautht>~ (YAgar)'é tH

t=0
where Agap is the discount factor in GAE, 5Q7 =
Q; (7], ul, A)—V;(7{). We construct the relationship between
Viot and V; using the same A; and train V;,; with TD-error
(see Appendix Section B for detailed descriptions).
We use the clip function to constrain Importance sampling,
and derive V,Lpg:

VoLpe =
= _E(TtautyAt)ND [Z min (T{ (Lp) "lea fclip(rz (90) ) E)AJ)

J
Vinpy (Ae|7)]

‘ ‘ (23)
where T‘g () = Py (mJ)/ wozd,J( ) > fclip(rg (¢),€) =
clip (r! (¢),1 —¢€,1+¢€), D is the replay buffer of the graph
policy network and is independent of the replay buffer of the
Q-value function network.

Lentropy 18 the loss function of the policy entropy. We add
the policy entropy to the loss to improve the exploration ability
of the graph policy network:

—Er,~p[H (p(- | T;0))]
= -,-tND ZZPU | Tty P log (plj( | Tt;ﬁp))]

where p;; (- | 7¢; ¢) denotes the probability of connecting agent
i with the local function Q;.

Centropy =

(24)

V. EXPERIMENT

This section delineates a comparative analysis of the Dy-
namic Deep Factor Graph (DDFG) algorithm against a suite
of state-of-the-art algorithms including Value Decomposition
Networks (VDN) [8], QMIX [9], Combined-Weighted QMIX
(CW-QMIX)/Optimistically Weighted QMIX (OW-QMIX)
[13], Multi-Agent Proximal Policy Optimization (MAPPO)
[5], QTRAN [11], QPLEX [12], Deep Coordination Graphs
(DCG) [15], Sparse Optimistic Policy Coordination Graph
(SOPCQG) [18], and Coordination Among Sparsely Communi-
cating Entities (CASEC) [19]. The implementation of DDFG,
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Fig. 3: HO-Predator-Prey environment. Predators are marked
in blue, prey is marked in red, and the blue grid represents
the range of movement of the predator.

constructed using PyTorch, is publicly available alongside
baseline experiment codes in the designated repository.

To elucidate the efficacy of DDFG, we evaluate it across two
distinct scenarios, detailed further in Appendix Section D with
regards to hyperparameter configuration and additional exper-
iments: (1) an advanced Higher-Order Predator-Prey model
[15], and (2) the StarCraft IT Multi-agent Challenge (SMAC)
[40].

A. Higher-order Predator-Prey

The Predator-Prey environment, as utilized in DCG, was
augmented to engender a Higher-Order Predator-Prey (HO-
Predator-Prey) scenario, exhibiting increased complexity.

Original Predator-Prey Scenario: This model positions
the prey on a grid, where agents may execute capture actions.
Successive captures by two or more agents on the prey,
positioned in adjacent squares (top, bottom, left, or right),
result in a collective reward of r. Conversely, an unsuccessful
solo capture action inflicts a sub-reward penalty of p.

Higher-order Predator-Prey (HO-Predator-Prey): The
HO-Predator-Prey scenario (as shown in Figure 3) extends the
adjacency to include eight squares around the prey: Upper,
Lower, Left, Right, Upper Left, Upper Right, Lower Left,
and Lower Right, necessitating X or more simultaneous
capture actions for success, with X set to 3. Furthermore,
the decomposition of the DDFG value function is constrained
to a highest order of 3, linking each local value function with
no more than three agents.

Our experimental framework evaluated the influence of
varying penalty values p (0, -0.5, -1, -1.5), with the outcomes
depicted in Figure 4. In scenarios devoid of penalties (Figure
4a), a broad array of algorithms including Value Decompo-
sition Networks (VDN), QMIX, Combined-Weighted QMIX
(CW-QMIX), Optimistically Weighted QMIX (OW-QMIX),
QPLEX, Deep Coordination Graphs (DCG), Sparse Optimistic
Policy Coordination Graph (SOPCG), Coordination Among
Sparsely Communicating Entities (CASEC), and Dynamic
Deep Factor Graph (DDFG) converged to the optimal solution.
In contrast, QTRAN and MAPPO only managed to achieve
partial success. As a policy gradient method, MAPPO’s perfor-
mance in the HO-Predator-Prey environment is not as good as
that of other value-based methods. Notably, DDFG exhibited

a reduced rate of convergence, attributable to its ongoing
optimization of graphical policies concurrent with value func-
tion fitting, which inherently diminishes convergence veloc-
ity. Upon the introduction of penalties (Figures 4b-4d), all
baseline algorithms except for CW-QMIX, OW-QMIX, DCG,
SOPCG, CASEC, and DDFG succumbed to failure, unable
to circumvent the pitfall of relative overgeneralization. As
penalties intensified, CW-QMIX, OW-QMIX, DCG, SOPCQG,
and CASEC progressively struggled to attain the optimal
solution, with complete failures recorded in certain trials.

When penalty p was set to -0.5, CW-QMIX exhibited partial
success; however, as the penalty increased to -1 or beyond, it
failed outright. OW-QMIX, despite partial successes across
varying penalty levels, encountered difficulties in accurate ac-
tion learning as penalties escalated. This is in stark contrast to
the outright failure of QMIX, where CW-QMIX/OW-QMIX’s
partial successes can be attributed to the Weighted QMIX
operator’s non-monotonic function mapping, thus boosting al-
gorithm performance. Despite DCG’s ability to learn success-
fully across all scenarios, its average reward and convergence
rate fell short of DDFG’s performance. This discrepancy is
linked to DCG’s static coordination graph structure, which
hinders learning of collaborative policies involving more than
two agents due to redundant information in message passing
and an inability to adapt to complex collaborative decisions
among three or more agents. Conversely, SOPCG and CASEC,
despite their advancement in dynamic sparse graph structures,
were hampered by the intrinsic limitations of the coordination
graph’s expressive capacity, thus failing to achieve compre-
hensive success. DDFG, however, demonstrated proficiency
in learning optimal policies across all scenarios by dynam-
ically modeling cooperation among predators through graph
policy networks and employing factor graphs for collaborative
decision-making among multiple agents, facilitated by the
max-sum algorithm.

Further experimentation, incorporating a time-step penalty
ry = —0.1 while maintaining constant penalty values p
(-0.5, -1), is presented in Figure 5. The imposition of a
temporal penalty r;, equating to a negative reward at each time
step when agents remain stationary, ostensibly complicates
convergence by augmenting negative rewards. Nonetheless,
this approach simultaneously fosters exploration. In scenarios
with p = —0.5, the inclusion of 7, enabled algorithms such as
VDN, QMIX, CW-QMIX/OW-QMIX, SOPCG, and CASEC
to enhance exploration, thereby overcoming relative overgen-
eralization to achieve optimal solution convergence in certain
instances. Yet, in a majority of cases, these algorithms still
faced outright failure. With p = —1, the augmentation of r;
failed to facilitate success for these algorithms. Particularly for
SOPCG and CASEC, the substantial increase in r; markedly
impeded algorithmic success probability. The dynamic sparse
coordination graph structure exhibited no discernible advan-
tage in the HO-Predator-Prey context, with CASEC’s per-
formance even trailing behind DCG. For DCG, the negative
temporal reward 7, adversely affected convergence, rendering
outcomes in scenarios with p = —1 less favorable compared
to those without r,. Conversely, DDFG consistently converged
to the optimal policy irrespective of r,’s presence, though the
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Fig. 4: Median test return for the Higher-order Predator-Prey task with different penalties p(0,-0.5,-1,-1.5), comparing DDFG

and baselines.

introduction of 7; inevitably slowed DDFG’s convergence by
accruing more negative rewards.

Finally, this paper visualizes the dynamic structure of factor
graphs in HO-Predator-Prey tasks, as shown in Figure 6.
We tested the DDFG after two million steps of training in
an experimental scenario with a penalty of p = —1.5 and
r = 0. In an episode shown in Figure 6, 9 agents successfully
captured 6 prey within 50 time steps (ending 150 time steps
earlier). This paper selects scenarios where agents cooperate
to capture prey at two moments, ¢ = 15 and ¢ = 20, and
visualizes the factor graph structure at these two moments.

At t = 15, agents 1, 4, 5, and 6 collectively encompass
prey 6 and successfully captured it. The actions executed at
t = 15 reveal that agents 1, 5, and 6 initiated the ’capture’
action leading to the successful capture of prey 6. Insight from
the factor graph structure at ¢ = 15 demonstrates that, the
dynamic graph policy generated joint value function nodes

for agents 1, 5, and 6, managing to orchestrate their capture
actions effectively.

At t = 20, agents 1, 4, 5, and 9 encircle prey 1, while
agents 4, 7, and 8 concurrently surround prey 5, leading to
the capture of both prey. In reference to the list of actions
executed by the agents, agents 4, 5, 7, 8, and 9 are all noted
for executing the ’capture’ action. This means that agents 4, 5,
and 9 are responsible for capturing prey 1, whereas agents 4, 7,
8 are accountable for the capture of prey 5. Notably, agent 1 is
not involved in the capture, while agent 4 contributes to both
capture actions. This pattern is reflected in the factor graph
structure at time ¢ = 20. This reflects that the graph structure
generated by the dynamic graph policy will directly guide the
coordinated actions between agents. Moreover, even though
the dynamic graph policy does not successfully generate joint
nodes for agents 4, 5, 9 or 4, 7, 8, the capture action is
still successfully completed. This highlights the significance

Authorized licensed use limited to: Univ of Science and Tech Beijing. Downloaded on November 21,2025 at 14:03:34 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Pattern Analysis and Machine Intelligence. This is the author's version which has not been fully edited and

content may change prior to final publication. Citation information: DOI 10.1109/TPAMI.2025.3634378

JOURNAL OF KX CLASS FILES, VOL. 14, NO. 8, AUGUST 2021

a) punishment p=-0.5 r=-0.1

60

£
3
o]
o
()
T agdeee M-
S V
n
& A
— 1
] ; i
F 20 ! : : 1
i ! ! i
| i | i
40 ----mmmmee- e Ammmmnneeeen $ommmmmneeee bommmnonemee
! ! ! i
i ! ! i
-60 . . i ;
om 0.4m 0.8m 1.2m 1.6m

Environments Steps

b) punishment p=-1 r;=-0.1

60

Test Episode Return

1
1
1
1
|
'
1
1
1
1
|
|
T
1
i
1
1
'
1
1
1
1
I
1
1

S
1
1
]
|
I
1
1
1
I
I
1
T
1

.

1

i

i
1.2m 1.6m
Environments Steps

Fig. 5: Median test return for the Higher-order Predator-Prey task with r,, comparing DDFG and baselines.
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Fig. 6: The dynamic changes in the graph structure of DDFG in the Higher-order Predator-Prey task (performing the "capture”

action).

of the message passing algorithm. Starting from the factor
nodes, Eq.(14) and (13) are alternately called to propagate
and aggregate the value function information between the
factor nodes and variable nodes, which ultimately leads to the
successful capture of two preys by five agents.

In summary, the disparity in the factor graph structures
between ¢ = 15 and ¢ = 20 as indicated in Figure 6 under-
scores the ability of the dynamic graph policy introduced in
this paper to generate factor graph structures that adapt to the
real-time changes. Meanwhile, the above discussion confirms
that the dynamic graph policy has the ability to generate
real-time factor graph structures, thereby guiding multi-agent
collaboration. Additionally, the scenario at ¢ = 20 highlights
that even without the generation of an ’absolutely correct’ joint
value function node, the message passing algorithm can ensure

successful coordinated actions among agents, hence proving
the resilience of the dynamic graph policy.

B. SMAC

Transitioning to the SMAC domain, we confront a series
of more daunting experiments within the StarCraft Multi-
Intelligent Challenge Benchmark, evaluating empirical perfor-
mance across various environments through exploration and
FIFO buffers. For our purposes, we have selected a total of
five maps:: (a) 3s5z (Easy), (b) 5m_vs_6m (Hard), (c) 1c3s5z
(hard), (d) 8m_vs_9m(hard), (¢) MMM?2 (superhard), with the
opponent Al set to hard in both instances.

The experimental results, showcased in Figure 7, indicate
that in the 5m_vs_6m map, DDFG matches the performance
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Fig. 7: Median test win rate % for the SMAC task, comparing DDFG and baselines.

of OW-QMIX and CASEC, outperforming the remainder
of the baselines. In contrast, on other maps(3s5z , 1c3s5z,
8m_vs_9m and MMM?2), DDFG demonstrates superior per-
formance relative to all baseline models. Initial learning veloc-
ity for DDFG is slower due to two primary factors: the SMAC
scenarios’ immunity to relative overgeneralization, preventing
baseline algorithms from stagnating at local optima, and the
temporal requirements for DDFG’s graph policy to identify
the optimal structural decomposition. This temporal lag results
in DDFG exhibiting a slower initial learning curve when
compared to some baselines during the experiment’s initial
phase.

The experiments validate DDFG’s scalability and efficacy
in complex tasks like SMAC, even in the absence of rela-
tive overgeneralization. Notably, DDFG demonstrates superior
performance to DCG in all scenarios by generating dynamic
graph structures that facilitate adaptive agent collaboration
against adversaries. DDFG’s ability to control varied agents for
joint decision-making against enemies secures a higher victory
rate. SOPCG and CASEC exhibit diminished success rates
on the MMM2 map, while maintaining average performance
on the 8m_vs_9m scenario. This discrepancy underscores the
variability and stability concerns associated with dynamically
sparse graph structures in fluctuating contexts, as evidenced
by the divergent success rates across different maps. DDFG’s
employment of high-order value function networks and the
max-sum algorithm for global policy optimization culminates
in elevated success rates across varied SMAC maps.

Figure 8 presents the visualization of the factor-graph
structure in the StarCraft I experiment. This paper uses the

3s5z scenario and tests the DDFG after two million steps
of training. In an episode displayed in the figure, our team
controls 3 Stalkers and 5 Zealots against the enemy’s identical
setup of 3 Stalkers and 5 Zealots and eventually secures the
victory.

At t = 24, agents 4, 5, and 7 collaboratively attack a
Zealot. The graph-structured policy successfully learns the
cooperation between 4 and 7, and manipulates 5 through
separate factor nodes to accomplish the collective cooperation
of the three agents. At the same time, the graph-structured
policy constructs cooperation between agents 1, 3 and 2, 3. The
message passing is conducted through the max-sum algorithm
on the factor graph, ultimately achieving the collaborative
attack on the enemy by agents 1 and 3.

At t = 32, agents 3, 4 collaboratively attack a Stalker, while
agents 6 and 7 jointly attack a Zealot. The graph-structured
policy successfully learns both cooperations simultaneously.
At t = 39, agents 2 and 6 attack a Stalker, while agents 3, 4,
and 5 collaborate to attack a Zealot. The graph-structured pol-
icy learns the cooperation of 2 and 6. As for the collaboration
of agents 3, 4, and 5, the policy only learns the cooperation
between 3 and 5, but also manipulates 4 through a separate
factor node to ultimately complete the attack.

In summary, Figure 8 displays different factor graph struc-
tures at three different moments, validating the effectiveness
of the graph-structured policy. In most situations, the graph-
structured policy can directly create corresponding factor
nodes to accomplish collaborative attacks. In other cases, the
policy can pass messages among different agents by executing
the max-sum algorithm on the factor graph.
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Fig. 9: The ablation experiment of graph generation policy in HO-Predator-Prey and SMAC environments.

C. Ablation study

The Dynamic Deep Factor Graph (DDFG) algorithm is dis-
tinguished by its integration of a value function module and a
graph generation policy. As delineated in Appendix Section B,
a notable inference is that DDFG, when constrained such that
every pair of agents is connected to a factor node, effectively
reduces to the Deep Coordination Graph (DCG) framework.
This scenario can be interpreted as DDFG operating under
a static graph structure. DCG employs a fully connected
graph structure, and as evidenced in Figures 4, 5, and 7,
it achieves a measurable degree of success/win rate across
various scenarios. This observation underscores the intrinsic
value of the function module within the algorithm. This section
aims to elucidate the contributions of graph generation policies
through the deployment of ablation studies.

First, we initiate a comparison between dynamic and fixed
graph policies. Observations from Figures 4, 5, and 7 re-

veal that DDFG consistently outperforms DCG across all
tested environments. This disparity suggests that static graph
strategies are inadequate in encapsulating the dynamic col-
laborative relationships among agents within the environment.
Conversely, the graph generation policy introduced in this
work adeptly captures these collaborative dynamics, thereby
enhancing overall algorithmic performance. Moreover, DDFG
consistently demonstrates a superior learning velocity com-
pared to DCG, implying that the iterative alternation between
updating the dynamic graph policy and the value function
network contributes to expedited learning processes.

Second, the study contrasts the dynamic graph policy with
a random graph policy, with results depicted in Figure 9.
The random graph policy is characterized by a uniform
probability distribution governing the connectivity between the
value function and agents, effectively equating the local value
function to a uniform connection probability among agents.
Selecting specific scenarios/maps within the HO-Predator-
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Prey and SMAC frameworks for experimentation, Figure 9
delineates a pronounced divergence in performance between
the dynamic and random graph policies. This divergence
validates the dynamic graph policy’s capability to adaptively
learn the evolution of collaborative relationships among agents
across different temporal junctures, a feat unachievable by
the random graph policy. Furthermore, in the context of HO-
Predator-Prey experiments, the application of a random graph
policy within the DDFG framework engendered a negative
feedback loop between the learning mechanisms of the random
graph and the value function. This phenomenon highlights the
detrimental effects of a random graph policy on the value
function network within challenging environments, thereby
emphasizing the criticality of accurately learning collaborative
relationships.

For other ablation experiments, please refer to the Appendix
Section D.

VI. CONCLUSIONS & FUTURE WORK

This paper has introduced the Dynamic Deep Factor Graph
(DDFG) algorithm, leveraging factor graph decomposition for
global value functions, significantly enhancing the algorithm’s
capability to counteract relative overgeneralization. Employing
tensor-based CP decomposition, DDFG adeptly navigates large
action spaces with heightened efficiency. Furthermore, through
the development of a graph structure generation policy utiliz-
ing a hypernetwork, DDFG dynamically generates adjacency
matrices, capturing the fluid collaborative dynamics among
agents. Employing the max-sum algorithm, the optimal policy
for agents is ascertained. This paper theoretically prove the
error upper bound of the global value function under high-
order decomposition. This paper discovers the relationship
between the maximum decomposition order D and the error
upper bound highlights the trade-off between model accuracy
and computational cost. This provides a theoretical foundation
for balancing the computational overhead of approximating the
global value function and the performance degradation from
decomposition. DDFG’s effectiveness is empirically validated
in complex higher-order predator-prey tasks and numerous
challenging scenarios within the SMAC II framework. Com-
pared to DCG, DDFG explicitly learns dynamic agent collab-
oration and offering a more adaptable decomposition policy.
Future endeavors will explore the elimination of the highest
order limitation within DDFG to enhance the decomposition
method’s flexibility while preserving algorithmic learning ef-
ficiency.
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APPENDIX A
RELATED WORK

A.1 VDN

The main assumption made and utilized by the VDN is that the joint action-value function of the system can be decomposed into a sum
of the value functions of the single agent:

N
QR B2, V), (uh a?, o u)) = Y Qu(h u) (1
=1

where Qz depends only on the local observation of each agent. We learn Qz by back-propagating the rule in Q-learning, which learns

the joint reward by summation. The Q; is learned implicitly, not from any reward specific to agent i. The algorithm does not constrain

Q; to be an action-value function for any particular reward. The agents in the VDN algorithm can be deployed independently because

the greedy policy of each agent u! = arg max,: Q;(h%, u®) for the local value function @; is equivalent to choosing the joint action to
N

maximize 3. Q;.
i=1

A2 QMIX

QMIX implements two improvements over VDN: 1) the inclusion of global information to assist in the training process and 2) the use
of a hybrid network to merge local value functions of single agents.

QMIX, as a representative value decomposition method, follows the centralized training, distributed execution (CTDE) paradigm
[1]. The core part of QMIX is the hybrid network, which is responsible for credit assignments. In QMIX, each agent a has a separate
Q-network Qi(Ti, ui). The output of the single Q-network is passed through the hybrid network, which implicitly assigns credits to
each agent and generates an approximation of the global Q-value Qo (T, u, s;6). The Q40 is computed as follows:

Qtot(’r, u, s; 9) = WQELU (WlQ + bl) + bz (2)

where Q = [Q1(11,u1), Q2(m2,u2), ..., Qn(Tn, un)]T € R™! is the output of the independent Q-network. W, € R Wy €
]lem7 by € R™*1 by € Ris the weight generated by the HyperNetworks. Since the elements of W and W are non-negative, QMIX
satisfies the following condition:

8Qtot

Qi

>0,Vie{1,2,---,n} 3)
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This property guarantees the individual-global maximum (IGM) principle [2], i.e., that the optimal action of each agent is jointly
constituted as an optimal joint action of QQs¢:

argmax Q1 (11, u')
'U/l

arg max Qo (7, u, s) = 4)
u
arg max @, (7", u")
un
In this way, the agent can choose the best local action based only on its local observation-action history, while the joint action is the

best action for the whole system.
The system is updated by minimizing the square of the TD loss on (¢, according to the following equation:

L) = (™" = Quor(T,u, 5:6))° 5)

where y%" = r + ymax, Qi (7', 1, s';07) is the TD objective.

A.3 WaQMIX

Although QMIX improves the form of value function decomposition of VDN, the monotonicity constraint of QMIX makes its function
expressiveness somewhat limited. WQMIX improves the value function expressiveness of QMIX by defining the QMIX operator and
weighting the QMIX operator according to the importance of each action in the joint action space, which in turn maps it to the
"non-monotonic" functions.

First, WQMIX defines the function space where the global value function Q¢,; resides:

Afs

Qmiz = {Qtat | Qtat(5> u) = fs(Ql(Sv ul)v R Qn(s7 un)), 90, >0, Qi(sv uz) € R} (6)

K3

Constraining Q™" in Q: can be seen as solving the following optimization problem:

. " 2
arg mlnqumizZueU (T"Qiot(s,u) — q(s,u)) ,Vs € S (7N
where 7 is the Bellman optimality operator.
Meanwhile, define the corresponding projection operator I1giz:
. 2

HQmw:Q = argmillyegmis ZUEU (Q(Sa ’U,) - Q(S7 u)) (®)

Define the QMIX operator as a composite of the Bellman optimality operator and the projection operator: 73,,,; = HomizT "

The QMIX operator 73,,,;. itself has many problems, such as 75,,,;, is not a compression mapping, and the joint actions obtained
by maximizing Q. in QMIX are erroneous in some scenarios (underestimating the value of some joint actions).Based on these
drawbacks, WQMIX proposes the Weighted QMIX operator.

First, define the new projection operator II,,:

I1,Q := arg mianQmi’” Z w(s, U)(Q(S, ’U,) - q(87 ’LL))2 )]

where the weight function w : S x U — (0, 1], when w(s, u) = 1, IL,, = Igmiz-
And the weight calculation needs to use (Q*, so it is necessary to additionally learn Q™ to fit Q*, and Q™ is updated by the following
operator:

uelU

TJQ*(S, u) = E[r + 7Q* (s, arg max, Qo (8", u’))] (10)

Then the weighted QMIX operator is defined as: 7y, pr7x Q* = IL, 7. Q*.
Eventually WQMIX trains both Q¢ and Q*, updating the network by minimizing the square of the TD loss of the two Q functions:
2 A 2
L(0) = w(s, w)(y™" — Quor(T,u, 5:601))” + (y*" — Q" (7, u, 5,63)) (1)

where 39" = 1 + ~Q* (7, arg maxy: Quor (77, 1/, '3 01), 55 05) is the TD target.

And WQMIX obtains two WQMIX algorithms, Centrally-Weighted QMIX(CW-QMIX) and Optimistically-Weighted QMIX(OW-
QMIX), by designing different weight functions w(s, u).

Weighting functions in CW-QMIX:

1 dgn > Ak , A*7 ¥
w(s, u) = Yy Q (r,a",s) oru=14 (12)
o otherwise
where 4" = arg maxy, Qo (T, u, ).
Weighting functions in OW-QMIX:
1 T, u,s) <yl
’LU(S,’U,) _ Qtot( 3. 9 ) y (13)
o otherwise



A.4 QTRAN

QTRAN improves the decomposition form of the value function in VDN, QMIX. QTRAN proposes the IGM condition and proves
that the linear decomposition in VDN and the monotonic decomposition in QMIX are sufficient but not necessary for the IGM. This
leads to the decomposition of value functions in VDN and QMIX in a way that is too constrained, making it impossible to solve
non-monotonicity tasks. QTRAN proposes to satisfy the sufficient and necessary conditions for IGM and proves its correctness.

Theorem proposed by QTRAN: A global value function Q. (7, %) can be decomposed into [Ql (Ti, ul)} 5\;1, if it satisfies:

0 u=1u

N
;Qi(Ti,Ui — Qiot (Tyu) + Vigt (T) = {>0u7éu (14)

where Vi (T) = max Qtot (T, u) — Z Qi (T u )
QTRAN learns QZ, Qtot, Viot through the network separately and designs the loss function based on Qot, Viot:

L (T, u,r, Tl; 9) = Lyq + /\optl:opt + )\noptﬁnopt (15)

Lyq is used to fit Qtot, Lopt and Ly,opt is used to fit Vs Aope and Ay op¢ are the weight constants for two losses. Liq, Lopt, Lnopt
are defined as follows:

£td ( 0) (ydqn Qtot (Ta ’u‘))za ydqn =r+ ’YQtot(Tla ’l_l,/; 9_)

Lopt (:60) = (@' (7. 8) — Quor (7. 8) + Vi (7)) (16)
~ 2

Lnopt (:0) = (min [Q1(7, 1) = Quor (7,0) + Vior (7),0])

where 6- is the target network parameter. L,y and Ly, are used to ensure that the above theorem holds.

A5 QPLEX

QPLEX proposes an improvement to the IGM. By drawing on the f dueling decomposition structure ) = V' + A proposed by Dueling
DQN [3], QPLEX formalizes the IGM as an advantage-based IGM.
Advantage-based IGM: For the joint action-value function Q¢ : 7 X U — R and the individual action-value function [Q; :
T xU — R]7,, where V7 € T,Yu € U,Vi € N,
Joint Dueling  Qyot (T, u) = Vit (T) + Avor (T, u) and Vioi(T) = max Qiot (T, )

Individual Dueling  Q; (7%, u’) = V;(77) + Ai (7%, u") and Vior (1) = max Q; (7%, u'")
ut!
such that the following holds:

uelU uleU unelU

argmax Ao (7, u) = <arg max A; (11, ul),. .. argmax A, (7", u")) (17)

Then, [Ql]le satisfies the Advantage-based IGM of Q;,; (which is equivalent to the IGM).

The structure of QPLEX consists of two parts: (i) an Individual Action-Value Function for each agent, and (ii) a Duplex Dueling
component.

An Individual Action-Value Function consists of an RNN Q-network for each agent, where the network inputs are the hidden state
hi_, and action u{_; of the previous moment, and the local observation o} of the current moment. The output is a localized value
function Q; (7%, u').

The Duplex Dueling component connects local and joint action-valued functions through two modules: (i) a Transformation network
module (ii) a Dueling Mixing network module.

The Transformation network module uses centralized information to transform the local duel structure [Vi(r9), A; (T, ut)]?; to
[Vi(T), A;(T,u")]; for any agent i, i.e., Q;(7T,u’) = w;(7)Q; (7", u") + b;(T), thus:

Vi(t) = wi(T)‘/;(Ti) +bi(T) and Ai(T,ui) = wi(T)Ai(Ti,ui) (18)

where w;(7) > 0, this positive linear transformation maintains the consistency of greedy action selection.

The Dueling Mixing network module takes as input the output of the Transformation network module [V;, A;]™_; and outputs the
global value function Q..

Advantage-based IGM conditions do not impose constraints on Vi, so QPLEX uses a simple sum structure for Vip: Vit (7) =

ZV()

To satisfy the Advantage-based IGM condition, QPLEX calculates the joint advantage function as follows:

Aot (T, ) Z)\ T, u)A;(T,u )7 where A\j(T,u) >0 (19)
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The positive linear transformation guided by A; will continue to maintain consistency in greedy action selection. To be able to
efficiently learn \; with joint histories and actions, QPLEX uses an extensible multi-head attention module:

K
Xi(T,w) = Xk (T,w) ik (T)vr(T) (20)
where K is the number of attention heads, \; x(7,u) and ¢; ,(7) are the attention weights activated by the sigmoid function, and
vg(7) > 0 is the positive key for each head.
Eventually, the joint action-value function @y, is expressed as follows:

n

Qtot (T, ) = Vit (T) + Aot (T, u) ZQ T,u') + Z (Ni(T,uw) — 1) Ai(T,u') 3y
=1

A.6 DCG

DCG is a MARL algorithm that combines coordination graphs and deep neural networks. In DCG, a coordination graph C'G' decomposes
the joint value function into the sum of the utility function f * and the cost function f *J as follows:

QY (st,u) = QY% (74, u) = Z fiu [ he) +| | > W | hy) (22)

vieV i,J€EE

_ DCG uses the max-sum algorithm of the coordination graph to deliver messages. At each time step ¢, every node ¢ sends a message
wy’ (u7) € R to all neighboring nodes i, j € €. The message can be decentralized and computed using the following equation:

(| he) + Il R+ Y ) — g ) (23)

p’ () = max
at | | k,ice

1
Vi
This message computation and passing must be repeated several times until convergence so that each agent ¢ can find the optimal

action u’ to obtain the maximized estimated joint action value QCG(Tt, u,). The optimal action u% can be computed using the
following equation:

u' ;= arg max

zh 24
& \Vl )+ D pr(u (24)

k,ice

At each time step ¢, DCG approximates the utility function f? and the cost function f* using a network parameterized by 6, ¢,
and 1. The joint action value is denoted as follows:

Qi (e w) = o fi (u' | ) + 2| D U )+ F5 | ) 25)

1,j€e

\V\

Finally, the DCG updates the parameters of the DCG network end-to-end according to the DQN-style loss function:

LDQN =F

T—-1
= 30 (@RS e | 7) — (e + 7 max QRSE( ml))ﬂ 6)

t=0

where 0, ¢, 1) is the parameter copied periodically from 6, ¢, 1.

A.7 SOPCG

SOPCG uses a class of polynomial-time coordination graphs to construct a dynamic and state-dependent topology. SOPCG first models
coordination relations upon the graph-based value factorization specified by DCG, where the joint value function of the multi-agent
system is factorized into the summation of individual utility functions f; and pairwise payoff functions f;;.

Q(me,u; G) Z Fiut | mH+ Z 9t | 77 27

(i,5)€G

where the coordination graph G is represented by a set of undirected edges. With this second-order value decomposition, the hardness
of greedy action selection is highly related to the graph topology.

Polynomial-Time Coordination Graph Class: A graph class G is a Polynomial-Time Coordination Graph Class if there exists an
algorithm that can solve any induced DCOP of any coordination graph G € G in Poly(n, A) running time.

The set of undirected acyclic graphs, denoted as Guac, forms a polynomial-time tractable graph class. However, within an
environment containing 7 agents, an undirected acyclic graph can have at most n—1 edges, limiting the expressive capacity of functions.
To mitigate this issue, SPOCG permits the dynamic evolution of the graph’s topology through transitions in the environmental state.
Across different environmental states, the joint value can be decomposed by selecting coordinating graphs from a predefined graph
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class G C Guac. This graph class choice augments the limited representational capacity while preserving the accuracy of greedy
action selection.

SOPCG introduce an imaginary coordinator agent whose action space refers to the selection of graph topologies, aiming to select a
proper graph for minimizing the suboptimality of performance within restricted coordination. The graph topology G can be regarded
as an input of joint value function Q(7¢, u; G). The objective of the coordinator agent is to maximize the joint value function over the
specific graph class. SOPCG handle the imaginary coordinator as a usual agent in the multi-agent Q-learning framework and rewrite
the joint action as u®9 = (ul,--- ,u", Q)

Formally, at time step t, greedy action selection indicates the following joint action:

9+ argmax Q(1,u', - u"; Q) (28)
(ulyum,G)
Hence the action of coordinator agent G is:
Gy + arg max (max Q (7, u; G)) (29)
Geg “

After determining the graph topology G, the agents can choose their individual actions to jointly maximize the value function
Q(7¢, u; G) upon the selected topology.

With the imaginary coordinator, SOPCG can reformulate the Bellman optimality equation and maximize the future value over the
coordinator agent’s action:

T

Q*(r,u;G) = F {r + maxmax Q* (7', u/; G’)} (30)
7 ’ w'
Since the choice of the graph is a part of the agents’ actions, Q (7, u; G) can be updated using temporal difference learning:

Leg(0) = E [(ycg - Q(1,u; G; 9))2] 31)

(r,u,G,r,7")~D

A.8 CASEC

CASEC utilizes the variance of paired payoff functions as the criterion for selecting edges. A sparse graph is employed when choosing
greedy joint actions for execution and updating the Q-function. Simultaneously, to mitigate the impact of estimation errors on sparse
topological learning, CASEC further incorporates a network structure based on action representation for utility and payoff learning.

If the actions of agent j significantly influence the expected utility for agent %, then agent ¢ needs to coordinate its action selection
with agent j. For a fixed action u’, Var,;[g;;(u’,w/ | 7/,7])] can quantify the impact of agent j on the expected payoff. This
motivates the use of variance of payoff functions as the criterion for edge selection in CASEC:

ngvaf = max Var,; [qij (ui, u? | thi’ th)} (32)
it

The maximization operator guarantees that the most affected action is considered. When CquY"“' is large, the expected utility of agent ¢
fluctuates dramatically with the action of agent j, and they need to coordinate their actions. Therefore, to construct sparse coordination
graphs, we can set a sparseness controlling constant A € (0, 1) and select A[V|(|V| — 1) edges with the largest ({;*" values.
CASEC consists of two main components—learning value functions and selecting greedy actions. )
In CASEC, agents learn a shared utility function gg(- | 7/), parameterized by 6, and a shared pairwise payoff function g, (- | 77,77),
parameterized by ¢. The global Q value function is estimated as:

Qtot(Te,u) = |V\ Z%’ u' | )+ |V| |V| ZQ<p u',u! |TtaTt) (33)

which is updated by the TD loss:

~ 2
Lrp(0,¢) = Ep {(T +YQiot (7', Maz — Sum(qy, qp)) — Qrot (T, ) (34)

Max — Sum(-,-) is the greedy joint action selected by Max-Sum, Q,,, is a target network with parameters é, ¢ periodically copied
from Q¢,¢:. Meanwhile, we also minimize a sparseness loss:

Egvzrrse((p Varui QZ u U Ty T, (35)
i) = T SV lastet e 1)

i#j ul

which is a regularization on ijv"“. Introducing a scaling factor Asparse € (0, 1] and minimizing L7p (6, ) + )\sparseﬂgﬁ‘;se(@)
builds in inductive biases which favor minimized coordination graphs that would not sacrifice global returns.

In CASEC, the issue of estimation error becomes particularly pronounced as the construction of the coordination graph relies on
estimates of g;;. As the construction of the coordination graph also impacts the learning of g;;, a negative feedback loop is generated.
This loop leads to instability in learning. To address this problem and stabilize training, CASEC proposes the following strategies: 1)
Periodically constructing the graph using a target payoff function to maintain a consistent graph construction approach; 2) Accelerating
the training of the payoff function between updates of the target network, by learning action representations to reduce estimation error.
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For 2), CASEC proposes a conditional approach on action representations to enhance sample efficiency. We train an action encoder
fo(u), where the input is a one-hot encoding of an action w, and the output is its representation z,. The action representation z,, along
with the current local observation, is used to predict rewards and observations in the next time step. The prediction loss is minimized
to update the action encoder fg(u). At the beginning of learning, the action encoder is trained with a small number of samples [4] and
remains fixed for the rest of the training process.

Using action representations, the utility and payoff functions can now be estimated as:

i i iT
qo(u’ | 7¢) = ho(7{)" Zui;
S .7 (36)
qw(uzv u | T, th) = ho({, Tt]) [2ui 5 2ui]

A9 MAPPO

The MAPPO algorithm extends the PPO algorithm to the multi-agent setting and outperforms PPO and IPPO algorithms in experimental
validation. PPO is a widely used on-policy reinforcement learning algorithm, but its usage rate in multi-agent environments is far lower
than that of off-policy learning algorithms. This is primarily because the sample efficiency of PPO in multi-agent systems is much
lower than that of off-policy methods.

In multi-agent environments, the low adoption rate of the PPO algorithm can be attributed to two factors: firstly, PPO exhibits lower
sample efficiency compared to off-policy algorithms; secondly, the hyperparameter tuning methods that work effectively for PPO in
single-agent scenarios often fail to deliver robust performance when transferred to multi-agent settings. Whereas the MAPPO algorithm,
with minimal modifications (primarily to the critic network), demonstrates final performance comparable to other off-policy algorithms
in multi-agent scenarios.

The MAPPO algorithm is primarily divided into two components: policy update and value function estimation. That is to say, there
are two networks involved: the policy network 7y and the value function network V5. The value function V4 needs to learn a mapping:
S — R. The policy function 7y learns a mapping from the observation o to a probability distribution over the action space, or to the
mean and variance of a Gaussian function for subsequent action sampling.

The optimization objective of the Actor network is:

Vod = E Zmin (ri (¢) Ay, clip (ri(p),1—¢€1+¢) Ai)VIHﬂ'g (ui|7!) + oH (g (|71 0)) 37
J

(Te,ut)~Tola

where 77 6) = % The advantage function fli is computed using the Generalized Advantage Estimation (GAE) method,
e, 1y | T
where H denotes thédentropy of the policy, and o is a hyperparameter controlling the entropy coefficient.

The optimization objective of the Critic network is:

Leritic ((b) = _E(St)"’D [max [(V¢(8t) - T)27 (Clip (V¢(8t)v V¢uld(8t) —&, V¢uzd(5t) =+ 5) - 7")2H (38)

A.10 Factor graph and message passing algorithm

Modern computer science and engineering are replete with complex algorithms, and factor graphs serve as a powerful tool to enhance
their interpretability. A critical challenge in algorithms handling multivariate global functions lies in their computational inefficiency.
This issue is mitigated by decomposing the intricate global function into a product of simpler local functions, each dependent on a
subset of the global function’s variables. This factorization can be represented by a factor graph: a bipartite graph that explicitly encodes
the relationships between variables and their associated local functions.

In optimization problems aimed at "inferring the most probable state of a system," other graphical models, such as Bayesian
networks [5] and Markov random fields [6], can be seamlessly transformed into factor graphs [7]. Furthermore, factor graphs can be
employed to address numerous problems in artificial intelligence, signal processing, and digital communications. Many algorithms in
these domains can be interpreted as special cases of message-passing algorithms [8] operating on factor graphs.

A factor graph G = (X, F, £) [9] is defined by the set of variable nodes X, the set of factor nodes F' and the set of undirected edges

. Factor graphs are bipartite graphs represented as factorizations of global functions. Suppose that the global function g (21, ..., 2y)
into a product of several local functions, each having some subset of as arguments; i.e., suppose that
g(xla"'axn):Hfj (XJ) (39)
JjeJ
where J is a discrete index set, X; is a subset of {z1,...,2,} £ X, and f; (X;) is a function having the elements of X; as
arguments.

Each variable node x; € X in the factor graph corresponds to a variable. Similarly, each factor node f; € F' corresponds to a local
function after the global function decomposition and is connected by an edge £ to the variable node x; and the factor node f; when
and only when z; is an argument of f;. A factor graph with n variable nodes and m function nodes has a binary adjacency matrix
defined as A € {0,1}"""™.

Message passing algorithms on factor graphs can efficiently perform exact inference by leveraging the structure of the factor graph.
Various message passing algorithms exist on factor graphs, such as the sum-product algorithm, max-sum algorithm, max-product



7

algorithm, and min-sum algorithm. Max-product algorithm is equivalent to min-sum algorithm [10]; the only (completely superficial)
difference is that messages and beliefs are represented as probabilities rather than costs.

In signal processing, Hidden-Markov Models and Kalman filtering have been applied in various applications, and both techniques
are considered instances of the sum-product algorithm. Similarly, the Fast Fourier Transform (FFT) algorithm can also be viewed as an
instance of the sum-product algorithm. In this paper, we consider value decomposition algorithms in the field of MARL as an instance
of the max-sum algorithm.

Next, we will introduce the rules of the sum-product algorithm. The Sum-Product Update Rule:

The message sent from a node x; on an edge € is the product of the local function at x; (or the unit function if x; is a variable
node) with all messages received at on edges other than €, summarized for the variable associated with €.

Let fi,, r; (z;) denote the message sent from node x; to node f;, let jif, ., (2;) denote the message sent from node f; to node
x;. Also, let n(x) denote the set of neighbors of a given node x in a factor graph.

Variable to local function:

Hai—f; (i) = H Ph—sa; (T) (40)
hen(zi)\{f;}
Local function to variable:
Hfi—a; (xz) = Z fj(Xj) H Hy—s f; (y) 1)
~{z;} yen(f;)\{z:}

The introduction of the generalized distributive law (GDL) [11] indicates that message passing algorithms such as sum-product,
max-product (min-sum), and max-sum can all be unified under a common framework based on commutative semirings. A commutative
semiring is a set K, together with two binary operations called “+” and “-”, which satisfy the following three axioms:

o The operation “+” is associative and commutative, and there is an additive identity element called “0” such that k£ 4+ 0 = k for
all k € K. (This axiom makes (K, 4+) a commutative monoid.)
o The operation “-” is also associative and commutative, and there is a multiplicative identity element called “1” such that k-1 = k
forall k € K. (Thus (K, -) is also a commutative monoid.)
e The distributive law holds, i.e.,
(a-b)+(a-¢c)=a-(b+c¢)

for all triples (a, b, ¢) from K.

The sum-product algorithm corresponds to the operators of a commutative semiring as follows: “4-” and ““-”’. The max-sum algorithm
corresponds to the operators of a commutative semiring as follows: “max” and “+”. The operators corresponding to the max-product
and min-sum algorithms are as follows: “max” and “-”, “min” and “+”.

Based on the above explanation, we will now provide the rules for the max-sum algorithm, while the rules for the other message
passing algorithms will not be repeated.

Variable to local function:

Hai— f; (i) = Z Ph—sz; (Ti) 42)
hen(z)\{f;}

Local function to variable:

ufj%,i(ari)zggx} LX)+ D mysr () (43)
¢ yen(fi)\{z:}

APPENDIX B
ADDITIONAL NOTES FROM DDFG
As depicted in Figure 1, when the set of edges & is empty (i.e., A;" = I,,), the algorithm becomes VDN. On the other hand, when every
two agents are connected to a factor node (i.e., € := {{3,j}, {i+k,j} |1 <i<n,1 <k <n—i,j=j+1(j=1~n(n-1)/2)},
the algorithm degenerates to DCG.

In Section IV-B of the main text, we propose to construct the advantage function .4; by GAE instead of the value function @);.
This is precisely because the (); function itself has too much variance, which is not conducive to the learning of graph policies. And
the advantage function A; can better evaluate the goodness of graph policies. The design of the advantage function A, is as follows:

AJGAE (th,u{,At> = i (YAgap)' (Qj (ﬁ,u{,&) —VY (Tj)> “

t=0

where Ag 4 is the discount factor in GAE.

We construct the network of V; (77 ) by a network structure similar to that of Section III-A. Meanwhile, we construct a network

for the global value function Vi,i. Vioi(St; 1) denotes a network parameterized by ).
For Network V;.¢(s¢; 1) ,we update the network parameters directly with the TD-error:

T
Ly (s,m;¢) :=E [1{ Z (e + YWiot (St41;9) — V;fot(st))Q:| 45)

t=0
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Fig. 1: The graph structure representation of VDN, DCG and DDFG, using both coordination graph and factor graph.

where 7, is the reward for performing action u; transitions to 74,1 in the observation history T, 1 is the parameter copied periodically
from ).

For Network VJ(TtJ ), we use the adjacency matrix A;, we represent V;(7;) as a network parameterized by ¢;. The joint value
function ‘Zot, represented by the factor graph G:

Viot (16, Ar) = Y Vil(me: 65) (46)
jed

where J is the set of factor node numbers.
The network of V; also share h¢ with Q-value function networks, using A} as an input to the network:

Vtot (e, Ar) = ZV ut Iht7¢D ) 47
jed

Unlike the Q-value function network, the network of V; does not need to go through the calculation of the max-sum algorithm. We
minimize the distance between the joint value function V;,; obtained by summing over the factor graph G and the global value function
Viot(8t; 1), using a mean squared error (MSE) loss:

Ly (1,4;9): { XT:(‘/tot T, Aes @) — Vtot(st)>2:| (48)

t=0

'ﬂ \

where 7 = {1} ;.

APPENDIX C
SUPPLEMENTARY PROOF

C.1 Derivation of Equation (8)

Replace K4 with the constant C', and substitute it into Theorem 1:

(@tot( ))7 (Q:ot)

C Cy 91
<4CqBx2Bn 2 oS E ( ) +—C exp(—(Ck+1)")(n—D—-1)+ (2(CQ)2+CQ) % 1/9)
=4CgBx2Bn2Buw 2 nK (%) + Gy exp( (Ck+1))(n—1-D)+ (2(CQ)2 4 CQ) 2log(4/9)

Let Cinat1 = 4CQB>\,QBh,QBw,2\/%a Ctinaiz = %GXP(_(CK+1)7), Ctinais = (Q(CQ)2 +CQ) \/21%(:1/5) +

g—; exp (—(Ck +1)7) (n — 1), substitute it into the above equation, and we obtain:

D
6<@t0t(D)) - S(Q:ot) < Cfinall ' (Bw 2) —1

= Cfinaiz* D + Cyina 49
Bus —1 tinai2 - D + Cinai3 (49)



C.2 Derivation of Equation (10)

To facilitate the derivation, we consider all factor nodes represented by A;’ as a single entity. Then, the action selection process aims
to solve the following problem:

u; = argmax Qor (T¢, Us, Ar; 0,1))

Ut

= argmax Z ‘j |Qj ut | ht,ﬁD(j) + = ZQZ ul | ht,GD(l))
(ut,ouf) \jeg IYD3) i=1
) ) (50)
= arg max Z Q;(ui | hi;0p(;)
(i) \ jeg

= argmax Z Qj({vi}{i,j}etf’)
(ugsesui) \ jes
where 7' = JU{m + i} .8 =EU{{i,5} |1 <i<mn,j =37+ 1(j =1 ~ n)}. For ease of writing, the normalized parameters
are omitted in the third line.

C.3 Derivation of Equation (17)

The derivation of Eq. (13) in Section IV-B of the main text is as follows:

Since the graph policy network parameters are , we first derive the derivatives of J(6, 1), ¢) with respect to ¢. Note that the
subsequent gradients are all found for ¢, and the graph policies are determined by . For the sake of brevity of the derivation, we will
Ve, Moy V1, ., Q11 ., are abbreviated as V, 7, vr, Q1 respectively.

Vol (0,%,¢) =Veun, , , (s0) =V, { D Mgy, (w0, Ao | 50) Qu (So,uo,Ao)}

w0, Ao

=V | D 7o (wo | 50,40) Y pe (Ao | s0) Qm (SoyuovAo)}

uQ Ao

[ (w0 | 50, 40) VD pi (Ao | 50) Qr (50, w0, Ao)
'U-ZQ + 7 (uo | 50,40) D pe (Ao | 50) VQu (s0, wo, Ao)
Ao

(7 (uo | s0,40) > Vo (Ao | s0) Qr (s0, w0, Ao)

— Ao
%): + 7 (uo | s0,40) Y py (Ao | 50)V > p(s1,71 | 0,0, Ao) (r1 + yom (1))

Ao S1,T1

= Z (w0 | 50,40) D> Ve (Ao | s0) Qu (s0, uo, Ao)

Ao
+Z (o | 50, 40) D pe (Ao | 50) > p(s1 | 50,0, Ag) - vVur (s1)
Ao s1

= Z (uo | s0,40) > Ve (Ao | 50) Qut (s0,u0, Ao)

+Z (uo | 50,40) D pe (Ao | 50) D> p(s1 | s0,10) -7 > m(ur | s1,A1)
Ag s1 uy

ZVW (A1 ] s1) Qu (s1,u1, A1)
A

+Z (uo | s0, Ao) Zp«p (Ao | s0) Zp 51 | S0, u0) 'YZ (u1 | s1,A1)

ZVW (A1 | s1 Ep s2 | s1,u1, A1) - yVun (s1)
Ay



Vod(0,,¢) =

10

D m(uo | s0,40) Y Vo (Ao | s0) Qi (s0, uo, Ao)

uo

Ao

+ m(uo | s0,40) D pe (Ao | 50) D p(s1 | s0,u0) -y D> 7 (ur | s1,A1)
ug Ao s1 uy

D Ve (A1 | s1) Qu (s1,u1, A1) + -

= ZPI" (80 — S(),O,H)Zﬂ(uo ‘ So,Ao)ZVpW (A() | S()) ’yOQn (So,uo,Ao)
s wo

Ao

+ > Pr(so—s1,,I) D w(u1|s1,41) Y Vpy (A1 | 81)7' Qu (s1, w1, A1) + -+

S1

wy Aq

= Pr(so—50,0,11) > 7 (uo | 50, 40) Y _ P (Ao | 50) [¥°Qu (50, w0, A0) VIn py (Ag | 50)]

S0

ug Ag

+ ) Pr(so = s1,1,10) Y m(ur | s1,41) Y pe (A1 | s1) [v'Qu (s1,u1, A1) Vinpg (A1 | 1)]

s1 uy Aq
= ZZPI‘ S0 — St,t H)Z ’Ll,t | St,At) pr (At | St) [’thn (st,ut,At)Vlanp (At ‘ St):l
t=0 s¢ Ay
where «y is the discount factor, Pr(sg — 50,0,1I) = 1, Pr(so — s1,1,II) = >, Tl (ug|s0)p(s1|50,u0,40) =

Y ao T (U0 | 50) 2o 4, Po (Ao | S0) P (51| S0, %0, Ao).

Then, we sum over t moments in VJ:

(

0, 0)

_ZZPT 50 = Sty 1, H)Z (ug | s¢, Ag)

t=0

St

ZP@ Ay | st) [’)’ Qn (st,uhAt)Vlnp@ (A | Stﬂ

At

*ZZ’Y Pr(so — ¢, t, H)Z (uy | s¢, At)

t=0

Zpga At | St) [QH (StauhAt)VInptP (At | St)]

Ay

St

D

—ZZV Pr( 30—>xtHZ7r (u]z, A)

zeS

t=0

> pe (412) [Qn (o, ) Vi, (4] )

—Z

zeS

dH

Z (u |z, A) pr (A]z)[Qu (z,u,A) Vinp, (A | )]

u

&)
where d'! (z) = Y 4! Pr(so — @,t,11) is the discounted state distribution.

t=0

Finally, write V.J in the expected form:

Ve (0,1, ¢)
= Z d" (x)

zeS
1

1_73668

:7_71625
1
=— E

1 — 7 s~D"

)2

u

[Qu

~pPp

u~T

<

s~D
Arp,

u~T

(] 2, 4) " py (A | 2)[@n (2,0, 4) VI iy (A | 2)
A
) w2 A) o (41 9) @ 30, A) Vi (41 2)
Z (u]x,A) Zpg, (A 2)[Qu(z,u,A)Vinp, (A | x)]

u

(s,u,4) Vinp, (A )]

B (Qu(s,u,4) Vinp, (A 5)
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where D™ (z) is the standard distribution and Y. D' (z) = 1.

z€eS
S0 @)= (1-7) Y d" (@)
zeS €S
—7) Z Z’ytPr(so — x,t,10)
xESt 0
Z'y ZPI sg — x,t, 1)
= resS
SRID R4
t=0
=1
We usually ignore the scale factor so that the final form of VJ is:
J(0.9,0)= E [Qu(s,u,A)Vinp, (A]s)] (52)
(s,u,A)~T
where T = (s, {0f }1=1, Ao, ub, 7o, ..., s7, {0} ).

C.4 Proof of Lemma 1

Lemma 1. (The Lipschitz condition for MSE loss) A loss function £ (f(x),y) is the MSE loss, and f(z) € [—C/2,C/2], then
L (f(x),y) be 2C-Lipschitz.

Proof. Tt is known that £ (f(z),y) is the MSE loss, that is, £ (f(z),y) = (f(z) — y)°. Then, 2 W = 2(f — y), and we already
know that f(z) € [—C/2,C/2]. We can derive that max |2(f — y)| = 2C.

According to the Derivative Lipschitz Theorem, if a function is differentiable and its derivative is bounded, then the function is
Lipschitz continuous, and the Lipschitz constant L is equal to the maximum value of the derivative. Thus, the MSE loss be 2C-Lipschitz

within [~C//2, C/2).

C.5 Proof of Theorem 1
Theorem 1. Let L be 2Cy — Lipschitz, 6 € (0,1], and Assumption 1 hold with constants {C7, Ca,~}. The generalization error for

—

the optimal global value function Q7 be £(Q7,;) and the generalization error for the empirical risk minimizer QP be &( g)’tK)

with K = {K4}%_,. Then, we have for L2 regularized ERM, where dek ul H2 < Bys2, 1<d<D,Bpy= suthQiHQ,
and [|A]|, < By2 where A = {{\ax }1?, }2,, with probability at least 1 — 4,

D
—— K,
EQui™) = £(Q1o) <ACQBA2Br2 Y <(Bw,z)d d)

ng
=1 (53)
21log(4/0)

ns

+ Z feXp —(Ka+1)") + (Q(CQ)2+CQ)
d= D+1

where ns denotes the number of samples, /; denotes the tensor rank for each order d.

Proof. For any function f : X — Y and any bounded 2C-Lipschitz loss function, the training error over ns samples as,

Similarly, we define the expected risk over the sample distribution 1,

g(f) = E(m,y)wB[C('x7 y)]

Our objective is to bound the expected risk of the ERM low-rank decomposed global value function £ (Qg%K) with the maximum
order D and its corresponding rank K = {K,}2_ |, i.e., £(Q},;). Note that there are no restrictions on the order and rank of £(Q7,,).
Then, we define the global optimal Q-value:

Qior = argemin (E(Quot(30)))

—

Similarly, we have that the empirical risk minimizer low-rank decomposed global value function £ (Qﬁf) satisfies,
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@—argmm( (Quor(0)) (54)

We can _now begin the proof. For the optimal global value function @},;, we denote the corresponding singular values as
{{N k} ) } i—1(n denotes the number of agents, and the maximum order of the correspondmg global value function is n), the

network parameter as {/{_\w} P } »_,, the bias as fg. We will bound the excess risk £ (Qg Y — £(Q1,,) by introducing a third

global value function Qtof which is defined as a truncated versmn of @7, with the maximum order D and its _corresponding rank
K = {K4}_,. Specifically, we set the singular values as {{)\dk} ) } n_,, the network parameter as {{wdk}k 1 }i—1. the bias as

fo as,

For1<k<Kg 1<d<D, \gp = Ny, War = Wiy, fo = [

Thus, we can write the error upper bound as:

E(Qioi") — E(Qio) = E(Quai) = En. (Qioi") + €0 (Quai’™) = En. (Qioi’) + €0 (Quai’) — E(Qr) (55)

(4) <0 (B)

—~

The term &, (QL:) — £,(QE) < 0 since QX minimizes the empirical risk(Eq. 54). Therefore, we need to restrict (A) and
(B) in sequence and calculate their upper bounds respectively.

(A) According to Lemma 1, Theorem 8 of Bartlett and Mendelson [12], and McDiarmid’s inequality, We have that with probability
atleast 1 — §/2 for any ¢ € (0, 1],

DR\ & ,DE 2log(4/6
EQRT) ~ £0. QD) < Ru(L 0 QO 1)) +2(Cg) | 28 56
where R, (F) = E[sup - i €; f(x;)] is the empirical Rademacher complexity of the function family F.
feF ™ izt

D
According to Lemma 1, R,,, (L0 Q(Of 4)) <2-2Cq - Ry, (Q) =4Cqo > ITld\ > Ri(Qa).
d=1 Jj€Ja

Ky d o
We have Qj.a = >, Aar 11 (war(ul), hi) swith [ Aglly < Ay < Bazs A = {\ax }1?,, substituting it into a, we obtain:
k=1 i=1

MNs

Rj(Qa) = Ec[Sup  |xyl,<Ba.. Z €s Z Adk H war(u}), hy)]

||wdk(uf,)||2§3w2 s 21 k= i=1

According to the Cauchy-Schwarz inequality and the independent and identically distributed (i.i.d.) assumption:

Rj(Qa) = Ec[sup  |xul,<Ba.. Z Adk Z €s H way (uy), h})]

war ([ ,<Bus * k=1 s=1 i1

2

1 Ka 1/2 Ky n, d
< — sup <Z A?tk) . ZEg[ sup Z (H wag (ul), > ]
k=1

M Ak lla<Bx 2 war (@[, <Buz =1 \ici

Kg Ng d
< B |[SEL s S ] (waeud) b)Y
k=1

s ||wdk,(u§) 5 SBuw,2 s=1 i=1

According to the Khintchine inequality:

Kg ns

Kq Ng d
SEL sp e [T < | 35S TT Gt
k=1 i=1

dek(ui)”2§3w,2 s=1 k=1s=1i=1

There is an inherent problem in learning high-order local Q-values: as the order of interaction terms increases, the product of
two features differs from the original values by an order of magnitude,and consequently, higher-order products are progressively
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disproportionate. To mitigate this, we rescale features such that (a) the scale is preserved across terms, and (b) the variance in
interactions is captured. We scale the Q-values, Q; = sign(Q;) - Q%/ | then we get:

2

Kq
1
Rj(Qa) < —Bxz- (Bwz2)Bhay| D
s k=1 (57)

Kq

Ns

= BB - (Bw,2)d

Substituting Eq. 57 into R, (£ 0 Q(Ok.q)):

D
1 K
Ru(LoQ(Op k) <4CQ Y 7+ Y. BraBua (Bup)'y| =2
d=1 I jEJa s
= a [Kq
=40qB2Bh2 Y [ (Bup2)"y /==
d=1 s
Finally, the term (A) becomes:
D
DK s DK K 2log(4/d
EQR) ~ £0,(QBF) < 4CaBL B Y ((Bw,2>d n) 120y | 2B (5%
d=1 S S

(B) The derivation of term (B):

—~— —_—~  —~—

Ens Qi) — E(Q1) = En (Qi™) — E(QI) + EQui™) — £(Q1)

< [0, (QEF) - £@EF) | + [e@BF) - £(@t) 69
(B.1) (B.2)
(B.1) We can apply the Azuma-Hoeffding inequality [13]:
s DK 2n?t? 2n%t?
P ( En, (Qui™) — E(Q; )‘ 2 t> < 2Zexp (‘%) < 2exp <_nn2>
2t € > i1 (2CQ)
Then, we obtain with probability at least 1 — §/2, § € (0, 1]:
5 ADK DK 2log(4/6)
En,(Quot ) — E(Qiop )'<CQ . (60)
S

(B.2) According to Lemma 1:

(@R~ Q1) < Bt [£@QE ) - £@u00.0)]|
< B, )8 Hﬁ Qroi(he),y) — K(Q?ot(ht%y)u
< Eouues |20 [QI5 (1) ~ | - 200 - 1Qiu () ~ |

|

In the main text, we present the decomposition form of the global value function:

<9Cq - By yyos HQtO; (he) — Qi)

< 20q sup \inﬂht) (o)

Qrot (16, ws) = fo+ = Z(wl (u), hz>+ ZZ)\QkH<w2k (up), hy) + - +Z>\nkH<wnk(Ui),hi>

jEJ k=1 =1 k=1 i=1

According to the preceding text, we define the truncated version of ()}, and substitute Eq. (61) into it to obtain:



14

" K
‘Qtot = Qi (he)| = Z |J Z Z )‘dkH<wdk up), h>
d=D+1 1Yl e, k=K 41 i=1
n K,;r”x d . .
> i ‘Z > [ T (wanud), hi)
d=D+1 1Yl e, k=K, 41 i=1
n KII]HX
< Bh,2 Z w 2 Z Z |)\
d=D+1 ]EJdk Kg+1
According to Lemma 2:
Kmax Kmex .
Y oPal< Y GrenGoR)< [ Crep(-C)
k=Kg+1 k=Kg+1 k=Kg+1

According to Equation E.16 from Yang et al. [14], and given v > 1:

Z Z gexp (—(Kq+1)")

d= D+1‘ d‘ jely

‘Qtot Qtot ht

n

= Z %exp( (Kq+1) Zl

d=D+1 2 JeJd
“C
= Y Gew(-(Ka+1))
d=D+1 2

We combine (B.1) and (B.2), we obtain with probability at least 1 — §/2, § € (0, 1]:

s DK . " C 2log(4/6
£ Q%) ~E@L) < Y Thexp(~(a +1)7) + Oy [ 2B ©
2 N
d=D+1
Finally, we combine (A) and (B), we obtain with probability at least 1 — d, § € (0, 1]:
E(Quai’) = E(Qur)
D n
K 2log(4/0) 2log(4/6
< 4CQB)\’2.B]—L,2 Z (Bw)g)d d + Q(CQ) g / Z — exp Kd + 1) ) CQ M
d=1 s s d= D+1 Ms (63)
D
2log(4/d
=4CgBy 2B 2 Z ((BW,Q)dU > Z C—Q exp(—(Kqg+1)") + (2(0@)2 + C’Q) %
d=1 d=D+1 5

C.6 Proof of Proposition 1

Because X ~ Pp, . (Dmax : P1,D2,-..,DN), there are m1 + ma + - - - + My = Dmax. When maxm; = 1, Q); connects exactly
Dynax agents, and its order is Dy ay; when max m,; > 1, there must be at least one agent i and ;j is connected more than once, then
the number of connected agents () ; is less than Dy .y, and its order is less than Dy,ax. So for each Q j» its maximum order is Dy ax,
that is, Dy,ax is The maximum order in the algorithm.

C.7 Proof of Proposition 2

Through Proposition 1, it can be seen that the "sub-policy" corresponding to ¢); needs to be able to generate a collaborative relationship
of D < Dpax agents. When the order (Q; generated by "sub-policy" is D;, (J; will be the same as D; agents are connected, and
the set of D; agents is defined as G € Hp,, Hp, = {{41,...,%d,--.,ip,;} | ia € {1,2,..., N}}. Then the probability of the
"sub-policy” corresponding to @; is the probability of (); being connected to all agents in G:

P{G}= Y P{Xi=m,Xp=m,..., Xy =my} (64)
{m1,....mn}EH,,
where H - {{mla .. mN} | szeG m;, = DmaxaVZd S G mi, > 1}
Then, it is necessary to prove that P{G} is the probability mass function of the class multinomial distribution PDmx (Dmax :
P1,D2, ... 7pN)

(1) P{G}>0
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Because P{X1 = my,Xo = ma,..., Xy = my} is the multinomial distribution Pp_, (Dmax : P1,P2,---,PN)
probability mass function, and P{X; = m1, Xo = ma,..., Xnx = my} > 0, then according to Eq.(77), P{G} > 0.

@ XB Ceen,, PG} =1
Because P{X; = my,Xo = ma,..., XNy = mpy} is the probability mass function of multinomial distribution
Pp....(Dmax : D1,D2, - . .,pnN), and we have:

Z P{Xl:ml,ngmQ,...,XN:mN}:1 (65)

mi+ma+-+mN=Dmax

where there are a total of C + N_1 items in Eq.(65).

Diax

. > Py

]_1 GeHp,

(66)
Z Z Z P{Xlzml,ngmg,...,XN:mN}
D;=1 GEHD {mi,...mn}EH,,
Next, we will calculate how many terms there are in equation Eq.(66):
Dinax Diax Dinax
Dj ~Dmax—Dj
> X 1= OO = Y OO
Djzl GeHp; {m1,...mny}EHn D;=1 D;=1 67)

i max Dmax
Z O’ Comi ey = OBt = Ot Dt

According to the definition of Hp, for different D;, Hp, are disjoint with each other; and the composition of H,, depends on
G and corresponds to G one-to-one, while G € H D, so there is no intersection between H,,,. Then it means that there are no
duplicates in the summation of P{X; = my,..., X = my}. Through Eq. (67), we know that there are C]]\\][;Emax_l terms
in Eq. (66), and each term is The probablhty mass function in the multinomial distribution Pp_ . (Dmax : P1,D2,- -+, PN)s
and does not repeat, then you can get ZD‘““" ZGEHDj P{G} =1.

C.8 Proof of Theorem 2

Theorem 2. (Graph Policy Improvement Lower Bound). Consider the behavior (trajectory-collecting) graph policy po;q. For the current
graph policy ppeq that we need to improve, we have

1

J(pnew) - J(pold) Z 17 FE [Apoldyﬂ'old(s’ A, u)]
— Y s~DWoid
Arppew
U~Told (68)
CH’Y Prew (A|5)
- 2 E =1
(1 - ’Y) (s,A)~DYotd pold(A|s)
where .J denotes the objective function optimized in reinforcement learning, cll = mag( E [ _Apoumdd( s, A, u)} =
S€ES | A~vpnew
UNTold

p (Als) 7 (ul]s, A) denotes the joint policy of all agent policies.

Proof. The proof process of Theorem 2 mainly refers to CPO [15] and GePPO [16]. We define, during learning, the discrepancy
between the new graph policy and the old graph policy after each update as follows:

Z 'Yt'Apold (51, A, 'U't):|

t=0

J(pnew) - J(pOld) = E807A07u07$171417u17---

Rearranging the above equation, we obtain:

J(pnew) = J(Pold) + ESoonyuoysl,Al,ul»--~ |:Z ’VtAPozd(St’ Atv ut):|
t=0

= J(pora) + Y "D _p(stlsi1, w1, A1) Y prew (Arlse) Y Tota (welse, A) Apog o (56 Ay wr)

t=0 St Ay Ut

= J(pola) + Z Z ’Ytppnew (s) Z Prew (Als) Z Toud (s, A) Apold;ﬂ'old (s, A,u)
A u

s t=0



16

Starting from the above equation, we obtain:

J(Pnew) — J(Pora) = Z Z 'Ytppnew (s) Z Prew (Als) Z Told (u\s, A) Apoz,dmom(sv A u)
A u

s t=0
1 oo
T~ (1—7) Z 'Ytppnew (s) Z Prew (Als) Z Toid (uls, A) Apold»ﬂ'old(s7 A u)
s t=0 A u

1—x

1
- A _ 7A,
L—v SNDEH|TLEw [ Pold;Told (5 u)]

A~ppew
UNTo1d

where DMrew = (1 — ) S°0°  p(s¢ = 8| pnew, Tora) is the discounted future state distribution.

By doing so, we have

1
J(pnew) - J(,Oold) =7 _ 1)) [Apozdmozd(sv A7 u)]
1 —7v g plinew
~Pnew
U~Told
1 1
e Mporamora (s: Ay w)] + 77— ol I [Apora,mora (s, A, w)] — E. [Apora,mora (s, A, )] 69)
A~ppew A~prew A~ prew
U~Told U~Told UNTold
1 1
R SNL%;old [Apoldﬂfozd(sv Av u)] - m sND@I‘"ew [-Apozdﬂfold(sv Av u)] - SNDEI‘Told [Apozdﬂfozd(sv A7 u)]
Arppew Ar~prew A~prew
UNTH1d UNTo1d UNTold

We bound the second term in Eq. (69) using Holder’s inequality:

J(Prew) — J(Pora)

1 1
N E o (A (s, Aw)] — HDH"M _ pDota E [Ayr (s, A )] (70)
1= R Pold Told ) ? 1— " PoldsTold ? )
T ! R -
UNT 1A
Define:
ANE [Apoldvﬂ'old(s’ A, u)] = I?Eag,( ANE [Apoldawold(‘S? A, u)] =" (71)
unmy . ey

Substituting Lemma 2 and Eq. (71) into Eq. (70), we obtain:

J(pnew) - J(pold)
1 1 2y
Z ﬁ SNDE%OM [Apold;ﬂ-old (57 Aa ’LL)] - —

Arppew
UNTold

1 QCH’}/
1~ L A B s;Au)] - ——% E D new||Pold)|S
1 — 9 suDMotd [ Polds old( )] (1 _ ’y)QSNDHold [ TV(p Hp ld)[ H

A~ prew
UNTold

PR E D new 0 S CH
T i [Drv (Pnewl|pota)[s]]

According to the definition of the total variation distance:
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J(pnew) - J(/)old)

1 QCH’y 1
>—— F A, o (s,Au) - — FE [f/ new(Als) — pora(Als dA]
=71_ ~ ?Dnold [ Polds old( )] (1 _ '7)2S~DH01(1 2 /4 |P ( | ) P ld( | )|
N
1 Cy Prew(AlS)
=— F A (8, Au) — — FE [/ ola(Als —1’dA:|
11—~ %\/DHOld [ Pold; old( ) (1 _ 7)25~Dnold " potd(Als) pora(Als)
i
1 Cly Prew(AlS)
=—— F Apora s (8, A 0)] — ——— E [4 _1H
1-— y “?ANDHOM [ Potd> ld( )] (1 — ’7)2 (s,A)~DYotd pold(A‘S)
~Prnew
UNTold

Lemma 2. HDH"W — DHoua H | is defined by the average discrepancy between the joint policies Il;e,y and o q:

2y
< — E D new o S 72
S 1o, B IPrv(encullpo)ls]] (72)

where B [Drv(pnewllpoia) [s]] = (1/2) Xoa [Pnew(Als) = poia(Als)].

s~Dotd

H Dnnew _ DHold

According to Eq. (18) in CPO [15], we have:

DY = (1—y)(I—=APy) 'p

Define the following identities, G = (I — ’yPHnew)_l, Golg = (I - ’yPHoM)_l and A = Pp

new PHold'
According to Eq. (21) in CPO [15], we have:
Dllnew _ plloa — ,yGoldADHold
Substituting the above into the equation, we obtain:
HDHnew — pHead|| — ,-YHGOldADHoI,d
o ' (73)
< Gouall, [AD™4 |
|Goiall; is bounded by:
oo
—1 t —1
|Gotally = [[(F = Pru) ™| < 24" 1 Prlll = (1 =) (74)
t=0
||ADH°“1 Hl is bounded by:
ADHDLd — / Hold
H = DA ) DM (s)
Snew |Sold
< DA |s)[ DMt (s)
s,s’
=2 [D_p(s'ls us A)mora(ul A, 5)(prew(Als) = pora(Als))| Do (s)
s,s" |u,A
, o4 (75)
< Z p(s |57U7A)7Told(u|Aa 3) ‘pne’w(A|S) - pold(A|S)|D ° (3)
s,u,A,s’

=Y Toa(ulA, ) |pnew(Als) = poia(Als)| D" (s)

s,u,A

= Z |pnew(A|S) — pold(A|3)|DHoz,d (S)
s,A

= 2’ E  [Drv(pnewl|poa)[s]]

s~Dotd

Substituting Egs. (74) and (75) into Eq. (73), we obtain:
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HDH”ew _ DHold
1
<~(1- 7)71 x2 E  [Drv(prewllpota)s]]
s~DMotd
2y
< — FE [DTV(pnew”pold)[S]]

—1- Y s~Dota

C.9 Proof of Proposition 3

The global function Q¢+ can be decomposed into the sum of local value functions @;:

Po (Ar | 1)
D2 (o) b 7A
Pooa (At ‘ Tt)Qt ' (Tt e t)

— P (At | 'Tt
m ZQJ (Tt’ut7At)

= Z %ﬁ'n)@j (Ti,ui,At)
jET Peota ( t | Tt)

Because the value of each local value function @; is only related to the agent it is connected to, and has nothing to do with the
connection relationship of other local value functions, so in the graph policy evaluated by @), items unrelated to j can be ignored, that
is, Q); accurately evaluates the "sub-policy” of (); connected to the agent. . At the same time, the random variable corresponding to the
"sub-policy" is p(Q;) ~ Ppmax (Dmax : P1,D2s - - -, PN ), then by Definition 1 available:

Py (Ai | 1) Jo,d
7@ T 7u 7A
JjeT Poora (At | Tt) ! ( ¢ ‘ t)

{ > } PoAXjp=mja,...., XN =mjn}
Mg, 1y--4,MG5 N €H,,
oF (T ul At)
> Py dXj1=mja1,.... X n =mjn} b

eJ
J {mjyl,...,mij}GH

C' mj 1 mji N
> my1lm; N‘p] 1 PN
{mj1,....m; NYEHm

-y 2-Q; (i i, Ar)

JjeTJ C!

m4 1 m; N
Z my 1! m]N|p]7] pJJ]V
{mj1,....m; NYEH, ’
Since the graph policy uses importance sampling, there is A; ~ T4, which means that sample the same graph structure under
and g, that is, (m; 1! ~mj’N!)¢ = (mjq!--- mij!)sa .+ then we can get:

Pold

> Ppo{Xj1=mj1,....Xjn =mjn}
{mjyl,...,mj)N}GHm
- Q T 7u 7A
2 > PoodXj1=mj1,...., X; N =myn} (t ! t)

€T
J {mj1,....m; N}EHm

Z mj1 m7N)

JjeET {m7 1yeees MG, N}GHm, (pj 1 p]7

£ Qj (th7 ugvAt)

Pold
m . .
— Z ‘P] ] Qj (thaug,At)
jeg LPold;] (m])
Finally got: A7) )
ptp At T Ptp,j m] j j
1~ Qtot (Ttvut,At) = — Qi (T, ,At 76
Pooa (At | Tt) J; P, (m;) ]( e ) (76)

APPENDIX D
SUPPLEMENTARY EXPERIMENTS
D.1 HO-Predator-Prey

The experimental environment is formulated as a complex 10x 10 grid, wherein nine agents are tasked with the capture of six prey
entities. Agents are endowed with the capacity to navigate in one of the four cardinal directions, remain stationary, or engage in a capture
action. Actions deemed unfeasible, such as moving to an already occupied space or attempting a capture action outside the eight adjacent
squares surrounding a prey, are systematically restricted. Prey exhibit random movement within the four cardinal directions and will
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punishment p=-1.5 r;=0

60 1

Test Episode Return
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Environments Steps

Fig. 2: Median test return for the Higher-order Predator-Prey task with different factor graph sparity psparity-

remain stationary should all adjacent positions be occupied. Upon successful capture, prey are removed from the grid, permitting agents
to pursue subsequent targets. Each agent’s perceptual field encompasses a 5x 5 subgrid centered upon its location. Agents and prey that
have been removed from play are rendered invisible within the simulation. An episode reaches its conclusion either when all prey have
been captured or after the elapse of 200 time steps.

Hyper-parameters: The implementation of all algorithms adheres to the MARLBenchmark framework, with the source code
accessible via https://github.com/SICC-Group/DDFG.

For all tasks, a discount factor v = 0.98 is employed alongside e-greedy exploration strategy. This strategy initiates with € = 1 and
linearly decays to € = 0.05 over the first 50,000 time steps. Evaluation occurs every 2,000 steps through the execution of ten greedy
test trajectories at € = 0. Each algorithm undergoes three independent trials, with the mean and standard error computed for each trial’s
outcomes.

A replay buffer, with a capacity for 5,000 entries, is maintained across all algorithms, alongside normalization of rewards contained
within. A recurrent neural network (RNN) h,;, processes agent observations across all methodologies. The Adam optimization algorithm
is uniformly applied. For VDN, QMIX, MADDPG, QTRAN, and QPLEX, a learning rate of 7 X 10~% is set, while CW-QMIX, OW-
QMIX, DCG, SOPCG, and CASEC adopt a learning rate of 1 X 102, Within DDFG, the Q-value and V-value function networks
utilize a learning rate of 1 x 103, whereas the graph policy network employs a learning rate of 1 x 10~5. DCG incorporates a fully
connected graph structure £ := {{i,j} | 1 <i < n,i < j < n}. The DDFG constrains the local value function’s highest order to 3
and incorporates a distinct replay buffer, with a capacity of 8 entries, for the graph policy (referencing PPO), setting the constant Ay, at
0.01.

o the selection of the number of factor nodes m: In the experiment, the selection of m is related to the pre-set upper limit D
of the factor graph order.

CnD * Psparity (77)

where CffD is the combination number, n represents the number of agents, and psparity € (0, 1] represents the sparsity of the
factor graph.

C’,’? represents the maximum number of combinations of selecting D agents from a factor graph with n agents and a maximum
order of D.

To verify the impact of pspqrity on the algorithm’s performance, we conducted ablation experiments in the high-order predator-prey
scenario (with p = —1.5, r; = 0), and the results are shown in Figure 2. We can observe that as the pgpqr4t, increases, the algorithm’s
performance continuously improves. It is evident that the number of factor nodes still has a significant impact on the algorithm. As the
sparsity increases, the frequency of communication between agents also increases, and at the same time, the probability of the factor
nodes representing "optimal agent cooperation" in the graph policy at time ¢ also increases. However, in scenarios with a larger number
of agents, too high a sparsity can lead to a significant increase in computational overhead. Therefore, to balance computational cost and
algorithm performance, we choose pspqrity = 0.3 in the Higher-order Predator-Prey and SMAC experiment.

D.2 SMAC

In our study, we delve into the intricacies of unit micromanagement tasks within the StarCraft IT environment, a domain characterized
by its strategic complexity and real-time decision-making demands. In these scenarios, enemy units are orchestrated by the game’s
built-in artificial intelligence, whereas allied units are governed by a reinforcement learning algorithm. The composition of both groups
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TABLE 1: The StarCraft multi-Agent challenge benchmark

Map Name  Ally Units Enemy Units

3s5z 3 Stalkers & 5 Zealots 3 Stalkers & 5 Zealots

5m_vs_bm 5 Marines 6 Marines

1¢c3s5z 9 Marines 9 Marines

8m_vs_9m 8 Marines 9 Marines

MMM?2 1 Medivac, 2 Marauders & 7 Marines 1 Medivac, 2 Marauders & 8 Marines
30

Wall time (h)

VDN CW-QMIXOW-QMIX MAPPO QTRAN QPLEX DCG SOPCG CASEC DDFG
Algorithm name

Fig. 3: In 3s5z map, the wall-time duration of DDFG and baselines.

may encompass a variety of soldier types, albeit restricted to a single race per faction. Agents are afforded a discrete set of actionable
choices at each timestep, including inaction, directional movement, targeted attacks, and cessation of activity. These actions facilitate
agent navigation and engagement on continuous maps. The reinforcement learning framework assigns a global reward to Multi-
Agent Reinforcement Learning (MARL) agents, proportional to the cumulative damage inflicted on adversary units. Furthermore,
the elimination of enemy units and overall combat victory are incentivized with additional reward bonuses of 10 and 200 points,
respectively. A concise overview of the StarCraft Multi-Agent Challenge (SMAC) scenarios investigated in this study is provided in
Table 1, incorporating the inclusion of particularly challenging maps: 1¢3s5z (hard), 8m_vs_9m(hard), and MMM?2 (superhard).

Hyper-parameters: For all conducted SMAC experiments, version 2.4.10 of StarCraft II was utilized. Experimental setups
consistently applied a discount factor () of 0.97 and an e-greedy exploration strategy, which linearly decreased from € = 1 to
€ = 0.05 across the initial 50,000 timesteps. Evaluations, comprising ten greedy test trajectories, were systematically conducted
every 10,000 steps at € = 0. Each algorithm was subjected to three distinct initialization seeds, facilitating the computation of mean
performance and standard error metrics.

All implemented algorithms employed a replay buffer capacity of 5,000 entries, with rewards within this buffer normalized for
consistency. Observational data from agents were processed through a recurrent neural network (RNN) denoted as h,,, with the Adam
optimization algorithm uniformly applied across all models. The learning rates for VDN, QMIX, CW-QMIX, OW-QMIX, MADDPG,
QTRAN, DCG, SOPCG, and CASEC were set at 1 x 103, while QPLEX adopted a slightly reduced learning rate of 1 X 10—%. Within
the Dynamic Deep Factor Graph (DDFG) framework, both the Q-value and V-value function networks (as outlined in section III-A of
the main text and Appendix B, respectively) utilized a learning rate of 1 x 1073, with the graph policy network assigned a learning
rate of 1 x 1075, The DDFG model imposes a limitation on the highest order of local value function to 2 and incorporates a dedicated
replay buffer of eight entries for the graph policy (referencing Proximal Policy Optimization, PPO). Additionally, a constant Ay value
of 0.01 was established.

o the wall-time duration of DDFG and baselines: We believe that comparing the wall-time duration between DDFG and
baseline algorithms can more comprehensively evaluate the practical performance of the methods.

The experimental results are shown in Figure 3. We conducted experiments using the 3s5z map in SMAC. The experimental results
show that MAPPO takes the least time, while the wall-time of graph-based value decomposition algorithms is greater than that of other
value decomposition algorithms. Graph-based value decomposition algorithms require message passing processes on the graph, and
some of them even need additional training to obtain a good graph structure. Therefore, their time consumption is greater than that
of other IGM-based value decomposition algorithms. However, DDFG does not exhibit additional time overhead while still achieving
good performance. As for MAPPO, due to its on-policy algorithm structure, it can perform parallel training in the RNN version, which
greatly reduces its time consumption. Hence, its wall-time is much smaller than that of all other off-policy algorithms.
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Fig. 4: In 5m_vs_6m map, the Median test win rate % of DDFG under different D.

o The selection of the maximum order D: In Section 3, Eq. (78) reveals the relationship between the error upper bound and the
maximum order D of the value function decomposition, which highlights the trade-off between computational cost and model
accuracy. As D increases, the complexity of the model increases (with higher computational cost), while the approximation
error decreases. Therefore, selecting an appropriate D can effectively improve the performance of the algorithm.

E(QB,) — £(Q}y)

N (78)
% — Cfinal? - D+ Cfin(tl?)
w,2

where Ofinall = 4CQB/\,QBh,QBw,2\/ %’ Cfinal2 = % exp (_(CK + 1)7), OfinalB = (2(CQ)2 + OQ) V 21%(:1/5) +
G exp (~(Cix +1)7) (n — 1)

We select the 5m_vs_6m map in SMAC as an example. We set D to 1 — 3 and conducted experiments respectively, with the results
shown in Figure 4. The results show that DDFG achieves the best performance when D = 2; its performance partially degrades when
D =1, and it has almost no winning rate when D = 3. It can be seen from the results that an appropriate D has a significant impact
on the algorithm’s performance. When D = 1, the algorithm is equivalent to VDN, and there is no collaboration among agents, thus
degrading the algorithm’s performance. When D = 3, the 3rd-order factor graph introduces excessive model complexity, causing the
algorithm to fail to converge. Ultimately,D = 2 is the optimal choice in SMAC.

< Cfinall .

e The impact of communication interruption on the algorithm’s performance: In DDFG, the graph policy network generates
dynamic factor graph structures in real-time, which serves as the input to the max-sum algorithm. This means that agents
need to communicate at each time step, and when facing limited communication bandwidth or communication-constrained
environments, the performance of the algorithm will be challenged.

To assess the impact of communication constraints, we use the SMAC map 5m_vs_6m and conduct two ablation studies; results are
shown in Fig. 5. We define the communication interruption rate (edge) peqge as the probability that communication between any two
agents is interrupted at time ¢ (i.e., the corresponding edge is absent in the factor graph). In contrast, the communication interruption
rate (graph) Peraph is the probability that, at time ¢, all inter-agent communication is cut off (i.e., the adjacency matrix collapses to the
identity).

From Fig. 5, when either interruption rate lies in the range 0-30%, the algorithm’s performance is largely unaffected. This
robustness arises because DDFG’s dynamic graph makes fluctuations in pegg. difficult to accumulate, and occasional full-graph outages
with peraph € [0,30]% are handled by the fully decomposed fallback, maintaining a high win rate. However, as the interruption
rate increases to 40-90%, performance degrades progressively: agents execute more independently, coordination via communication
diminishes, and DDFG gradually approaches the behavior of VDN.

o The generalization capability of the graph policy. To better demonstrate the advantages of the Graph Generation Policy, we
explore its generalization capability in SMAC.

Under the original training protocol and budgets, we adopt a “train on Map A — freeze graph policy — train Q on Map B” setup
to isolate the effect of the graph policy. In the first transfer, the graph policy is trained on 5m_vs_6m and then frozen; the frozen graph
policy is reused while training the Q-function on the 2s53z. In the second transfer, the graph policy is trained on 8m_vs_9m, frozen,
and reused on 3s5z. Throughout, absolute map cues are removed and inputs are expressed as relative, normalized features to avoid
map-specific leakage and to strengthen internal validity.
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without a learned graph structure, and it converges faster under identical training budgets. The corresponding learning curves and final
win rates are shown in Fig. 6. Taken together, these SMAC results provide an internally valid assessment that the learned coordination

structures transfer across tasks, supporting the effectiveness of the proposed graph generation mechanism.
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Fig. 6: The ablation experiment of fixed graph policy in SMAC environments.

Environmental Steps

conda create -n marl python==3.6.1

conda activate marl
-f https://download.pytorch.org/whl/torch_stable.html

$  pip install -r requirements.txt

Here we give an example installation on CUDA == 10.1. For non-GPU and other CUDA version installation, please refer to
Obtain the source code and install.

the PyTorch website.

$

$
$  pip install torch==1.5.1+cul01 torchvision==0.6.1+cul01

Install the dependencies.

Setup
Here we briefly describe the setup of DDFG. More information is given in the README file of the repository.

D

Across both transfers, the frozen graph policy yields consistent ga
2)

CODE DEPLOYMENT AND UTILIZATION

APPENDIX E
E.1
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$  git clone https://github.com/SICC-Group/DDFG.git
$  cd off-policy
$  pip install -e .
3) Install StarCraftIl 4.10
$  pip install git+https://github.com/oxwhirl/smac.git
$  echo "export SC2PATH= /StarCraftIl/" > /.bashrc
# Download SMAC Maps, and move it to /StarCraftIl/Maps/

E.2 Reproduction

1) Train of DDFG
$  cd offpolicy/scripts
$  chmod +x ./train_<experiment>_<algorithm>.sh
$  .train_<experiment>_<algorithm>.sh
# <experiment> can choose between prey or smac, <algorithm> can choose between rmdfg or other baselines.
# The trained model and data files can be found under ./results/<experiment_name>/<algorithm_name>/debug/runl/models/.
# <experiment_name> can choose between Predator_prey or StarCraft2, <algorithm_name> can choose between
rddfg_cent_rw or other baselines.
2) Test of DDFG
# Select the trained model to load and test
$  .train_<experiment>_<algorithm>.sh
—model_dir ./results/<experiment_name>/<algorithm_name>/debug/run1/models/
3) Replot the experimental results of this manuscript
$  cd off-policy/experiment_eval_data
# Execute file plot_experiment_pp.py or plot_experiment_smac.py to obtain results.
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