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Abstract
Location is a basic property of an object. In the last decades, much attention has been paid to the precise localization and 
performance evaluation in wireless sensor networks. Time-of-arrival (TOA) and inertial measurement unit (IMU) based 
localization methods have been drawing attentions due to their advantageous performance. However, TOA suffers from 
the multipath effect and IMU from error accumulation problem, which have limited their application prospects. Thus, the 
fusion of these two methods becomes necessary. Besides, in existing literatures, when estimating the positioning accuracy, 
it is generally assumed that the position of base station is error-free, which is not so consistent with reality. Thus, for the 
purpose of achieving high precision positioning in practical conditions, we modeled the anchor position error, IMU error, 
and TOA error, respectively. Based on these models, CRLB and PCRLB in 3-D environment are deduced to evaluate posi-
tioning accuracy in both spatial and temporal level. Finally, CRLB and PCRLB are considered when different base station 
topologies are used, as well as compared with commonly used localization algorithms. Experimental results show that the 
impacts of anchor position error on positioning results cannot be ignored. CRLB and PCRLB can be used as benchmarks 
based on IMU/TOA fusion positioning systems and as reference lower bounds for performance improvement of localiza-
tion algorithms.

Keywords Inertial measurement unit (IMU) · Time of arrival (TOA) · Performance · Cramér–Rao lower bound (CRLB)

1 Introduction

Wireless sensor network (WSN) is composed of a large 
number of stationary or moving sensors in a self-organizing 
and multi-hop manner to cooperatively perceive, collect, 
process and transmit information of perceived objects in 
a network coverage area through wireless communica-
tion. It can be applied in many fields, such as military [1], 
emergency [2], industrial [3] and etc., to monitor various 
data information. Many of these information need to be 

associated with corresponding targets’ location, so the 
acquisition of node location information in WSN is very 
important [4].

Global positioning system (GPS) is an all-around, all-
weather, full-time, high-precision satellite navigation 
system that provides global users with low-cost, high-
precision information [5]. However, the effectiveness of 
GPS is limited in harsh environment such as dense build-
ing areas, where GPS signals cannot penetrate most of the 
obstacles [6]. New positioning technology is therefore 
needed to meet the demand for precise positioning in these 
conditions. Time-of-Arrival (TOA) positioning can pro-
vide accurate distance measurement in harsh environment 
because of its accurate delay resolution and robustness. It 
is widely used in wireless sensor network positioning sys-
tems [6, 7]. However, TOA ranging method is susceptible 
to multipath effects and the relative positional relation-
ship between nodes [6]. In recent years, inertial naviga-
tion system (INS) as an auxiliary positioning method can 
compensate TOA’s multipath effects and geometric topol-
ogy problems. Inertial measurement units (IMU) such as 
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accelerometers, gyroscopes, magnetometers, etc., can pro-
vide a series of continuous inertial information to improve 
positioning accuracy [8, 9]. However, inertial sensors may 
inevitably throw off errors that accumulate over time [10, 
11]. The accumulative and drift error is the biggest chal-
lenge faced by IMU-based localization systems.

Fusion filtering methods, such as Kalman [12] and par-
ticle filtering [14], are widely used in IMU/TOA fusion-
based localization applications. Zhao et al. [12] proposed 
a Kalman/UFIR filtering method for state estimation with 
uncertain parameters and noise statistics. Briese et al. [13] 
presented an adapting covariance Kalman filter based on 
sensor fusion of UWB localization and inertial measure-
ments. Since both sensor results were separately used in the 
Kalman filter, no registration between the implemented sen-
sors was needed. Kim et al. [14] proposed a fusion algorithm 
based on a particle filter using vertical and road intensity 
information for robust vehicle localization in a large scale 
urban area.

In regional positioning systems, the network usually 
consists of two types of nodes: anchor nodes (i.e., base sta-
tions) and target nodes [6]. It is generally assumed that the 
anchor position is known and there is no error [16, 17]. 
The location of target nodes are unknown. Each node is 
equipped with a RF transceiver, and we can get the wire-
less signal parameters related to distances or angles when 
the target node performs radio communication with base 
stations [18, 19, 22, 23]. The location of the target nodes 
are uncertain due to the influence of random factors, such 
as noise, fading, multipath, and non-line-of-sight propaga-
tion, which ultimately affect the positioning accuracy. Thus, 
how to evaluate the performance of the algorithm accurately 
is also the focus of the localization problem in WSN [13]. 
Cramér–Rao lower bound (CRLB) defines the theoretical 
lower bound of any unbiased estimator variance and is used 
as a general criterion for evaluating the performance of a 
positioning system [24–26]. However, CRLB only focuses 
on the influence of the relationship between relative posi-
tions in spatial state on the accuracy of positioning targets. 
CRLB neglects the time information, and cannot meet the 
requirements of the time evaluation in the positioning sys-
tem. The posterior Cramér–Rao lower bound (PCRLB) 
considers the time-domain information [20, 27] and can be 
used as another criterion for the performance evaluation of 
positioning systems.

Thus, based on above mentioned considerations, for 
the purpose of achieving high precision positioning in 
practical conditions, we modeled the anchor position 
error, IMU error, and TOA error, respectively. Based on 
these models, CRLB and PCRLB in 3-D environment are 
deduced to evaluate positioning accuracy in both spatial 

and temporal level. The main contributions of this paper 
are as follows:

• IMU/TOA fusion based localization algorithm for WSN 
is presented, which can compensate the TOA multi-path 
effect and IMU error accumulation problem;

• Comprehensively, both spatial and temporal performance 
are evaluated in 3-D scenarios, with considering various 
factors in WSN;

• Anchor positioning error is considered along with the 
performance evaluation process. In existing litera-
tures, when assessing positioning accuracy, it is usually 
assumed that the anchor position is completely accurate 
and error-free, but under normal circumstances, which is 
really difficult to satisfy under practical conditions [28]. 
IMU and TOA techniques also produce many errors due 
to signal interference and other factors, which result in 
the uncertainty of the base station location. Therefore, it 
is also very important to analyze the influence of anchor 
position errors on the positioning accuracy;

• CRLB and PCRLB are considered when different base 
station topologies are adopted, as well as compared with 
commonly used localization algorithms. It further shows 
that CRLB and PCRLB can be used as reference stand-
ards for the improvement of positioning algorithms.

The remainder of this paper is organized as follows. Sec-
tion 2 presents a preliminary introduction about IMU, TOA 
and the fusion method. Section 3 gives the error modeling 
method in proposed IMU/TOA fusion system, from three 
perspectives including IMU method error, anchor position 
error, and TOA error. Section 4 deduces the CRLB and 
PCRLB under the above factors and performs the corre-
sponding experimental verification. Section 5 CRLB and 
PCRLB are considered when different base station topolo-
gies are used, as well as compared with commonly used 
localization algorithms. Then, conclusions are drawn in 
Sect. 6.

2  Fusion Positioning Method

2.1  IMU‑Based Positioning Method

IMU is a kind of self-contained navigation system, generally 
including a triaxial accelerometer and a triaxial gyroscope. 
Accelerometers detect the accelerations of the target in the 
carrier coordinate system [11]. Gyroscopes detect the angu-
lar velocities of the target relative to the navigation coordi-
nate system. By measuring the accelerations and angular 
velocities of the target in 3-D space, the step length and 
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direction information are obtained through attitude calcula-
tion [29]. According to the step size and direction informa-
tion, the target position of the next state can be predicted 
[11, 29].

Supposed carrier coordinate system is b. We denote 
obtained acceleration parameter as ab =

[
abx aby abz

]
 , and 

the gyro parameter as �b =
[
�bx �by �bz

]
 . Therefore, the 

motion angles information of the navigation target (namely 
pitch angle, heading angle and roll angle) are respectively 
� , � , � . Thus, the coordinate rotation matrix Ct

b
 from the car-

rier coordinate system to the navigation coordinate system 
is represented as:

Furthermore, subtracted by the acceleration of gravity 

g =

⎡⎢⎢⎣

0

0

g

⎤⎥⎥⎦
 , we could obtain the instantaneous acceleration 

value of the carrier at time t in the geographic coordinate 
system, i.e.,

Since the sampling interval of IMU is very short, it can be 
considered that the motion of the carrier is a straight line 
motion with uniform speed change. Then, the displacement 
and angle change of moving target can be anyhow calcu-
lated [1].

2.2  TOA‑Based TOA Positioning Method

TOA is a method of estimating the distance length by meas-
uring the transmission time of wireless signals. The TOA 
ranging principle is shown in Fig. 1.

(1)Ct
b
=

⎡
⎢⎢⎣

cos�cos� + sin�sin�sin� sin�cos� sin�cos� − cos�sin�sin�

−cos�cos� + sin�sin�sin� cos�cos� −sin�cos� − cos�sin�sin�

−sin�cos� sin� cos�cos�

⎤
⎥⎥⎦

(2)
⎡⎢⎢⎣

a
�

tx

a
�

ty

a
�

tz

⎤⎥⎥⎦
= Ct

b

⎡⎢⎢⎣

atx
aty
atz

⎤⎥⎥⎦
−

⎡⎢⎢⎣

0

0

g

⎤⎥⎥⎦

To avoid high accuracy synchronization between target 
node and reference node, the two-way ranging is the most 
frequently used method to implement TOA ranging, as 
shown in Fig. 1. In this algorithm, target node firstly sends 
out ranging data as an wideband impulse. This impulse will 
be detected at the reference node and after a period of pro-
cessing time, the reference node sends back an acknowledg-
ment (Ack) impulse containing the processing time. The 
round trip flight time between target node and reference 
node will be recorded upon the arrival of Ack and the tar-
get node will calculate the one-way TOA by eliminating 

Fig. 1  The principle of TOA ranging

the relay period. The distance estimation can be therefore 
given by:

where Tp represents the single trip propagation time between 
target node and reference node, Trelay denotes to the process-
ing time at the reference node and Tround denotes to the round 
trip propagation time of impulses.

2.3  Fusion Positioning Method

IMU/TOA fusion method can take advantages of their respec-
tive strengths to solve the problems of accumulative errors 
and instantaneous accuracy. Generally, filtering [12, 13] and 
optimization methods [30] are considered in the fusion of 
multiple sensors. In this study, we take Kalman filtering [12] 
as an example, to present the feasibility of fusion methods. 
More possible algorithms could be referred to [12–15]. Then, 
fundamental limits are derived to evaluate the performance 
of IMU/TOA fusion-based localization in WSN.

The Kalman filter algorithm is an estimation method that 
estimates the state sequence of a dynamic system optimally, 
and makes the estimated value of the system state have a 
minimum mean square error [34]. It includes two parts: 
prediction and update. This paper uses the Kalman filter 
algorithm to achieve the integration of IMU and TOA multi-
source data.

Let mk = [xk, yk, zk]
T , k = 1, 2,… ,K denote the state vec-

tor of the mobile node in state k, where (xk, yk, zk) denotes the 
3-D coordinate of the node in world coordinate space and 
K denotes the total state observation number. Let zk denote 
the measurement vector of the mobile node in state k, then 
the equation of state and observation equation for the system 
can be defined as

(3)d̂ = Tp × c =
Tround − Trelay

2
× c
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where qk indicates the process error, which is based on 
the error of the IMU, obeys a Gaussian distribution with a 
mean of 0 and a covariance of Q. rk denotes the measure-
ment error, that is, the TOA ranging error, which obeys a 
Gaussian distribution with a mean of 0 and a covariance of 
R. Matrix Ak and matrix Hk represent state transition matrix 
and measurement relation matrix, respectively.

We can use the Kalman filter algorithm to predict the 
position of the mobile node based on the state equation, 
and then update the position of the mobile node according 
to the measurement equation. Let m̂k be a priori estimate of 
mk , i.e., the predicted value, and let m̂k denote an unbiased 
estimate, i.e., an updated value. The prior estimate of the 
error covariance is Pk = E[(mk − m̂k)(mk − m̂k)

T ] and the 
posterior estimate is Pk = E[(mk − m̂k)(mk − m̂k)

T ] . Kalman 
filter algorithm is described in Algorithm 1.

(4)

{
mk = Akmk + qk

zk = Hkmk + rk

Thereinto, we can conclude that the sources of error in 
IMU/TOA fusion positioning methods are: (1) IMU step 
error and direction error, (2) anchor position error and (3) 
TOA ranging error.

Fig. 2  The state transition of one target node

3  Error Modeling

The fusion positioning method based on TOA and IMU 
will also produce some errors in the positioning process. 
Since the inertial information used in the attitude calcula-
tion process has errors, the obtained step length informa-
tion and direction information also have errors. TOA-based 
positioning method knows the location of the base station 
in advance, but in general, the locations of the base stations 
are obtained by GPS technology or manual measurements, 
which are also affected by factors such as noise, resulting 
in uncertainty of the locations of the base stations, thereby 
further affecting the positioning accuracy. In addition, when 
measuring the distance between the target node and the base 
station, the ranging error may also be caused due to environ-
mental interference and other factors.

Supposed that the coordinate of the target node at the time 
k is mk = [xk, yk, zk]

T , and the coordinate of the nth base sta-
tion is an = [xn,k, yn,k, zn,k]

T , n = 1, 2,… ,N , where N is the 
number of anchor nodes. The schematic diagram of the state 
of the target node is shown in Fig. 2.

The state information matrix of the target node is 
m = [m1,m2,… ,mK]

T and K is the total state number. For 
each element in the state information matrix, the following 
formula can be obtained by

where lk is the moving step of the node from state k − 1 to 
state k, wk = [sin�k, cos�k, sin�ksin�k, cos�k]

T is the moving 
direction of the node, rk the overall error caused by step error 
and direction error.

(5)mk = mk−1 + lkwk + rk
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3.1  Error Modeling Based on IMU Method

The estimated step size based on IMU can be represented as

where lk is the actual step size, i.e.,

uk is the step error, which obeys the Gaussian distribution 
with a mean of 0 and a variance of �2

1,k
 . The estimated verti-

cal angle based on IMU can be represented as

where �k is the actual vertical angle, i.e.,

where vk is the vertical angle error, which obeys the Gauss-
ian distribution with a mean of 0 and a variance of �2

2,k
 . 

The horizontal angle estimate based on the IMU can be 
expressed as

where �k is the actual horizontal angle, i.e.,

�k is the horizontal angle error, which obeys the Gaussian 
distribution with a mean of 0 and a variance of �2

3,k
.

3.2  Anchor Position Error Modeling

In the first section of this chapter, we define the coordinate of 
the nth base station as an = [xn,k, yn,k, zn,k]

T , n = 1, 2,… ,N . 
Supposed that the base station coordinate errors are 
�xn , �yn , �zn , respectively, the actual estimation of the base 
station coordinate is

where �xn , �yn , �zn obey Gaussian distributions with a mean 
of 0 and a variance of ��xn , ��yn , ��zn , respectively.

3.3  Error Modeling Based on TOA Method

The distance between the target node and the anchor node 
measured by TOA ranging method is estimated as

(6)l̂k = lk + uk, uk ∼ N(0, 𝜎2

1,k
)

(7)lk =

√
(xk − xk−1)

2 + (yk − yk−1)
2 + (zk − zk−1)

2

(8)�̂�k = 𝜙k + vk, vk ∼ N(0, 𝜎2

2,k
)

(9)�k = arccos
zk − zk−1

lk

(10)�̂�k = 𝜃k + 𝜀k, 𝜀k ∼ N(0, 𝜎2

3,k
)

(11)�k = arctan
yk − yk−1

xk − xk−1

(12)
ân =[x̂n,k, ŷn,k, ẑn,k]

T

=[xn,k − 𝛿xn , yn,k − 𝛿yn , zn,k − 𝛿zn]
T

where dn,k is the actual distance between the target node and 
the nth anchor node, i.e.,

where e1,k is the ranging error caused by TOA method, 
which obeys a Gaussian distribution with a mean of 0 and 
a variance of �2

4,k
 , i.e., e2,k is the ranging error caused by 

the anchor position error. Bring Equation (12) and (14) into 
Equation (13), and ignore the second-order error term, we 
can get

We denote �2

5,k
=

(x−xn,k)
2�2

�xn
+(y−yn,k)

2�2

�yn
+(z−zn,k)

2�2

�zn

d2
n,k

 . Thus,

4  Positioning Performance Evaluation

In this section, based on above models, CRLB and PCRLB 
in 3-D environment are deduced to evaluate positioning 
accuracy in both spatial and temporal level. We define 
▽a = [

�

�a1
,

�

�a2
,… ,

�

�aM
]T  as a gradient vector, define 

�a
b
= ▽b▽

T
a
 , define p(a) as the probability density function 

of the random variable a, and define tr{⋅} as the trace of the 
matrix.

4.1  Spatial Performance Evaluation

4.1.1  Derivation of CRLB

CRLB is represented as a theoretical lower bound for any 
unbiased estimation and is widely used to assess localization 
performance. Thus, we comprehensively derive the CRLB 
for 3D localization of IMU/TOA fusion method in WSNs 
to evaluate its spatial performance. Here come some defini-
tions. If m̂k is an unbiased estimate of mk , then

where J(mk) is the Fisher Information Matrix (FIM) [28]. 
Before solving the Fisher information matrix, we need to 
first define the joint probability density function as

(13)
d̂n,k = ||mk − ân||2 + e1,k = dn,k + e2,k + e1,k

= dn,k + ek

(14)dn,k =

√
(xk − xn,k)

2 + (yk − yn,k)
2 + (zk − zn,k)

2

(15)e2,k ≈
(x − xn,k)�xn + (y − yn,k)�yn + (z − zn,k)�zn

dn,k

(16)ek ∼ N(0, �2

4,k
+ �2

5,k
)

(17)E
{
(m̂k −mk)

2
}
≥ CRLB = tr

{
J−1(mk)

}
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where p(l̂k|mk−1,mk), p(�̂�k|mk−1,mk), p(�̂�k|mk−1,mk) and 
p(d̂n,k|mk) can be obtained according to Eqs. (5)–(16).

According to the joint probability density function, we 
can define the FIM as

Bringing Equation (18) into Equation (19), each element of 
the FIM could be derived, and further obtain CRLB.

4.1.2  Experimental Verification

A stereoscopic sensor network environment is considered 
like a commercial building, as shown in Fig. 3. Eight anchor 

(18)

p(d̂k, l̂k, �̂�k, �̂�k, m̂k)

=

{
N∏
n=1

p(d̂n,k|mk)

}
p(l̂k|mk−1,mk)p

(�̂�k|mk−1,mk)p(�̂�k|mk−1,mk)

(19)J(mk)i,j = −E

[
𝜕2lnp(d̂k, l̂k, �̂�k, �̂�k,mk)

𝜕mk,i𝜕mk,j

]
, i, j = 1, 2, 3.

nodes are deployed and distributed in each corner of the 
experiment scenario. Target nodes are distributed in the mid-
dle of the area. The dots in Fig. 3 represent anchor nodes. 
Supposed that the communication range of each anchor 
may cover the entire area, and anchor nodes can receive the 
required information from all target nodes. Target nodes are 
supposed to perform a uniform linear motion along the X 
direction. The movement speed is 1m / s and the sampling 
interval is 1s. Then, yk − yk−1 = 0m , zk − zk−1 = 0m , and 
lk = ||mk −mk−1||2 = 1m.

CRLB reflects the performance characteristics of tracking 
nodes in the aspect of relative position distribution. Next, we 
mainly focus on how well proposed fusion mehtod performs, 
compared with sole IMU or TOA method.

(1) CRLB of IMU/TOA Fusion and Solo TOA Method
Figure 4a, b respectively show the CRLB of IMU/TOA 

fusion and solo TOA method in 3-D scene. The effects of 
anchor position errors on the results are not considered 
here. Supposed that �1,k = 0.5m, �2,k = 10◦, �3,k = 10◦ , and 
�4,k = 0.5m . Comparing Fig. 4a with b, following conclu-
sions could be drawn:

1. In both conditions, CRLB is relatively higher on the out-
side of the base station, which is because the geometrical 
position relationship between the base station and the 
target will affect CRLB. When the target node is on the 
outside of the topology of the base station, the occlusion 
of the base station will lead to undetected-path (UDP) 
[16] error during the signal transmission process. The 
UDP errors may result in a large localization error and 
affect the positioning accuracy. Therefore, in the design 
of 3-D localization applications, we should keep track-
ing targets as centrally as possible in the middle of the 
topology, so as to obtain higher positioning results.

2. When IMU/TOA fusion method is applied, the localiza-
tion lower bound (CRLB) could reach as low as 0.14m, 

Fig. 3  The deployment of nodes in sensor network

Fig. 4  CRLB with or without considering anchor position error. a CRLB of IMU/TOA fusion method without considering anchor position error. 
b CRLB of solo TOA method without considering anchor position. c CRLB of IMU/TOA fusion method with considering anchor position error
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which is quite better than that of solo TOA method, 
whose lower bound is 0.4m.

(2) Impact on CRLB with or Without Considering 
Anchor Position Error

Since the location error of base stations is only consid-
ered in TOA ranging, CRLB based on solo TOA method can 
reflect how base station deployed error contributes to the 
localization er ror.  The parameters are set  as 
��xn

= ��yn
= ��zn

= 0.2m , and �4,k = 0.5m . Figure    4b, c 
show the impact on the CRLB with or without considering 
anchor position errors in the case of 3-D localization, respec-
tively. We can draw conclusions that when considering 
anchor position errors, the positioning accuracy of the sys-
tem will be reduced by at over 10 cm. It also means that it is 
necessary to accurately estimate the position of the base sta-
tion before performing TOA positioning.

4.2  Temporal Performance Evaluation

4.2.1  Derivation of PCRLB

Sequential tracking is supposed to be a temporal problem 
other than a sole spatial one. These continuous information 
could be used to evaluate the performance of given algo-
rithms. Thus, we extend the above CRLB to PCRLB with 
considering posterior information. Before the derivation, we 
redefine the joint probability density function as

To calculate FIM at state k, we define

where d̂0∶k , l̂0∶k , �̂�0∶k , �̂�0∶k , m̂0∶k represent ranging, step 
length, vertical angle, horizontal angle and target coordinate 
vector from the start state to state k respectively. Therefore,

According to [37], the sub-matrix Jk can be obtained by 
pseudo-inverse of the matrix J(m�∶k) , i.e.,

(20)

p(d̂, l̂, �̂�, �̂�, m̂)

= p(d̂0|m0)

K∏
k=1

p(l̂k|mk−1,mk)p(�̂�k|mk−1,mk)

p(�̂�k|mk−1,mk)p(d̂k|mk)

(21)pk = p(d̂0∶k, l̂0∶k, �̂�0∶k, �̂�0∶k, m̂0∶k)

(22)

J(m0∶k)

=

[
E
{
−�

m0∶k−1

m0∶k−1
lnpk

}
E
{
−�

m0∶k

m0∶k−1
lnpk

}
E
{
−�

m0∶k−1

m0∶k
lnpk

}
E
{
−�

m0∶k

m0∶k
lnpk

}
]

=

[
Ak Bk

BT
k
Ck

]

(23)Jk = Ck − BT
k
A−1
k
Bk

According to equations (20) and (21), the joint probability 
density for the k + 1 state is

According to the joint probability density of state k + 1 , we 
can find that

where H11

k
 , H12

k
 , H22

k
 reflect the posterior information from 

state k to state k + 1 , and �k+1 reflects the location informa-
tion based on TOA ranging [36].

From J(m0∶k+1) and Jk we can get FIM for state k + 1 , i.e.,

Due to the step error and the directional error obey Gaussian 
distribution, H11

k
= H12

k
= H22

k
= Hk can be calculated. The 

solution of Hk can be referenced [20, 36].
In summary, the posterior FIM is

According to the SMW (Sherman–Morrison–Woodbury) 
formula [38], it can be further simplified as

where �k+1 reflects the information based on TOA, Hk 
reflects information based on IMU.

4.2.2  Experimental Verification

We use the root mean square of PCRLB to evaluate the per-
formance of the fusion positioning method. The root mean 
square of the PCRLB can be represented by 1

L

∑L

i=1
Pi
k
 , where 

Pi
k
 represents the PCRLB of the mobile node in state k in 

the ith Monte Carlo experiment, and L represents the total 
number of Monte Carlo experiments [36]. In this paper, L 
is taken as 1000. Supposed that the initial position of the 
mobile node is (1, 1, 1) , and the mobile node performs ran-
dom motion in the scene to ensure the equilibrium of entire 
target node’s movement process.

Since TOA compensates for the cumulative error of the 
IMU during the entire motion, it is assumed that the step error 
and the directional error remain the same throughout the 
entire motion. The step error measured by the IMU is propor-
tional to the actual step size, i.e., �1,k = �lk , where � is the 

(24)
pk+1 =pkp(l̂k+1|mk,mk+1)p(�̂�k+1|mk,mk+1)

p(�̂�k+1|mk,mk+1)p(d̂k+1|mk+1)

(25)J(m0∶k+1) =

⎡
⎢⎢⎣

Ak Bk 0

BT
k
Ck + H11

k
H12

k

0 H12

k
�k+1 + H22

k

⎤
⎥⎥⎦

(26)
Jk+1 = �k+1 + H22

k
−
[
0 H12

k

] [Ak Bk

BT
k
Ck + H11

k

] [
0

H12

k

]

= �k+1 + H22

k
− H12

k
(Jk + H11

k
)−1H12

k

(27)Jk+1 = �k+1 + Hk − Hk(Jk + Hk)
−1Hk

(28)Jk+1 = �k+1 + (H−1
k

+ J−1
k
)−1
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proportional coefficient. Assume that �2,k = 10◦ , �3,k = 10◦ , 
�4,k = 0.5m , ��xn = 0.2m , ��yn = 0.2m , ��zn = 0.2m . Ran-
dom motion is generated by randomly generating 3 directions 
of velocity, and the sampling interval is 1s.

We mainly analyze the influence of different situations 
on PCRLB from the following two perspectives. Other com-
parison results can be found in reference [36].

(1) Impact on PCRLB Based on Different Positioning 
Methods

Figure 5 shows the theoretical minimum error that can be 
achieved using the TOA based method alone (i.e., no IMU 
method), the IMU based method alone (i.e., no TOA ranging 
method), and IMU/TOA fusion positioning method under a 
3-D environment.

It can be seen from Fig. 5 that: (1) Compared with the 
single TOA based method, the fusion positioning method 
significantly improves the accuracy of the mobile node. 
(2) Compared with a single IMU based method, the fusion 
positioning method compensates for the cumulative error 
problem based on the IMU method and tends to be stable 
after a certain time.

1. When only inertial sensors are adopted in the tracking 
system, as indicated by the black solid line in Fig. 5, the 
accumulative errors may tend to be diverging. Theoreti-
cally, this confirms that IMU based HMT system faces 
the problem of accumulative errors. However, IMU/
TOA fusion method can avoid this divergence. The per-
formance curves of proposed approaches achieve stabil-
ity after certain steps, i.e., their errors converge.

2. Compared with sole TOA tracking method, IMU/TOA 
fusion based method can significantly increase the accu-

racy of human body motion tracking. The lower bound 
of proposed fusion method could drop below 8 cm.

(2) Impact on PCRLB with or Without Considering 
Anchor Position Error

Figure 6 shows the PCRLB in the fusion localization 
method with or without considering anchor position errors. 
It can be seen from Fig. 6 that the anchor position error will 
have a certain impact on the positioning accuracy of the 
system and the accuracy will be reduced by at least 4 cm.

5  Typical Application of Evaluation Methods

CRLB and PCRLB characterizes the lower bound of posi-
tioning errors that a localization system can achieve in 
spatial and temporal level, respectively. They are of great 
significance in theoretical and practical applications. For 
example, CRLB can be used to evaluate the performance 
of base station topology in certain scenarios. Simulation of 
CRLB could complete the task instead of practical meas-
urements. Both CRLB and PCRLB could be used to verify 
the localization performance of targeted algorithms [2]. In 
this section, we will respectively introduce the practical use 
cases of CRLB and PCRLB in these two aspects.

5.1  Use case 1: Selection of Base Station Topologies

We conduct simulation to verify how number and topolo-
gies of base stations impact on the localization accuracy 
in a given test-field. A 40m ∗ 40m squared field is chosen, 
and four typical topologies are set as shown in Fig. 7. We 
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mainly considered how CRLB and PCRLB varies in these 
different conditions.

5.1.1  Impact on CRLB of Different Base Station Topologies

The variance of TOA ranging is set as �2

3,k
= 0.5m2 . Simula-

tion results of CRLB under different topologies are shown in 
Fig. 8, from which we can draw the following conclusions:

1. When the number of base stations in various topologies 
are the same, the closer the deployment shape is to a 
rectangle, the higher the positioning accuracy will be. 
As shown in Fig. 8a, the deployment shape of the base 
stations is squared, and the maximum CRLB is around 
0.65m, whereas that in Fig. 8b, c are 1.3m and 1.8m, 
respectively. Thus, differences of 0.65m and 1.15m on 
positioning accuracy are introduced due to the different 
base station topologies.
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2. Fig. 8c got a highest CRLB among the four, i.e., the 
worst positioning performance, possibly due to the 
dense deployment of base stations.

3. In Fig. 8d, a relatively lower CRLB is achieved com-
pared with the other conditions, and around 5cm accu-
racy improvement is acquired. The denser the base sta-
tion deployment is, the higher positioning accuracy it 
may achieve, which is quite consistent with our common 
sense.

4. With the incrementation of base station numbers, the 
positioning accuracy increases, but the increase is quite 
small in contrast to the deployment of base stations. In 
practical applications, the base station deployment cost 
is very high, and an extra base station may take lots of 
human and material resources. Thus, in practical design 
of fusion positioning systems, more attention should be 
focused on the optimization of base station topology to 
obtain higher positioning accuracy.

5.1.2  Impact on PCRLB of Different Base Station Topologies

In terms of PCRLB, the step size of IMU is set as � = 0.1 , 
the variance of horizontal angle is �2 = 10◦ and that of TOA 
ranging is �2

3,k
= 0.5m2 . From the PCRLB simulation results 

shown in Fig. 9, following conclusions could be drawn:

1. In condition of the same number of base stations, differ-
ent topologies lead to various PCRLB accuracy, such as 
PCRLB of Topology 1 is 0.235 m, that of Topology 2 is 
0.305 m, and that of Topology 3 si 0.355 m. Similarly 
with the CRLB, more uniform topology can obtain bet-
ter positioning accuracy.

2. Different numbers of base stations have little impact on 
positioning accuracy. PCRLB of topology 4 is 0.205 m. 
By comparing Topology 1 and Topology 4, it can be 
seen that positioning accuracy has been improved by 
only 3cm.

5.2  Use Case 2: Evaluation on Performance 
of Algorithms

CRLB reflects the positioning performance of the fusion 
positioning system in the spatial state, and the positioning 
algorithm calculates the target position based on the meas-
ured values in the spatial state, so the optimal positioning 
algorithm can be selected by comparing CRLB with RMSE 
of different positioning algorithms. In addition, CRLB can 
directly see the difference between the positioning algorithm 
and the theoretical positioning accuracy. It is used for the 
later optimization of the positioning algorithm. PCRLB 
reflects the temporal positioning performance of position-
ing systems, thus can be used as another criterion for the 
performance evaluation of the positioning system.

5.2.1  Impact on CRLB of Different Localization Algorithms

Firstly, we mainly verify the three most commonly used 
positioning algorithms, namely, centroid positioning, least 
squares positioning, and Taylor series expansion positioning, 
with proposed IMU/TOA fusion method. Two simulation 
scenarios are considered, with or without considering anchor 
position errors.

The result of the positioning algorithm is represented by 
the root mean square error (RMSE), i.e.,

where �i denotes the positioning error at each sample point 
and n denotes the number of samples. The comparison 
results are shown in Table 1, from which we could draw the 
following conclusions:

(29)RMSE =

�∑n

i=1
�2
i

n
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Table 1  Comparison of RMSE For different location algorithms and 
CRLB

Algorithms RMSE (without 
anchor position 
errors)

RMSE (with 
anchor position 
errors)

Centroid 0.6814 0.7725
Least-square 0.6465 0.6639
Taylor series expansion 0.4850 0.5230
IMU/TOA fusion 0.28 0.35
CRLB 0.1128 0.1213
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1. Under the same experimental conditions, the localiza-
tion accuracy varies as different algorithms are adopted. 
IMU/TOA fusion based method shows better positioning 
accuracy regardless of anchor position errors taken into 
considerations.

2. Compared with CRLB, all presented methods have large 
room to be improved. The gap between CRLB and local-
ization results may be caused by sensor accuracy limit or 
geometric and physical characteristics of the experimen-
tal scene. More efforts could be paid to error modeling 
in practical applications.

5.2.2  Impact on CRLB of Different Filtering Algorithms

In practical positioning systems, such as warehouse robot 
localization and navigation, the parameter vectors change 

over time, so PCRLB needs to be used as a reference for the 
lower bound estimation. PCRLB is a theoretical analysis 
tool that is closer to practical application, and can judge 
whether the parameters of a fusion positioning system have 
reached the optimal level and whether there is still room for 
improvement. Therefore, we compared PCRLB with data 
fusion methods to further verify the theoretical reference 
values.

As shown in Fig. 10, we set up an experimental scenario 
of 4.8m × 7.2m × 1.5m , where four anchors are located at 
each of the corner. Tracking targets are instructed to move 
following the rectangle line indicated in Fig. 10. Kalman 
[12] and particle filtering [14] are chosen as methods of 
comparative experiment, compared with calculated PCRLB. 
The experiment results are shown in Figs. 11 and 12.

As can be seen from Fig. 11, the estimation result of par-
ticle filter algorithm is closer to the ground truth of the target 
node, while Kalman filter will deviate from the real value 
at many moments. In order to further evaluate the perfor-
mance of fusion filtering algorithms, PCRLB was used as a 
criterion to calculate the root mean square error (RMSE) of 
various algorithms at different times. The comparison results 
are shown in Fig. 12.

As can be seen from Fig. 12, (1) Kalman filtering algo-
rithm deviates greatly from PCRLB, while the mean square 
error of particle filtering algorithm is closer to PCRLB. It 
is possibly because particle filtering algorithm is not lim-
ited by gaussian error hypothesis, and also has the charac-
teristics of high computational efficiency and easy imple-
mentation. (2) Particle filtering algorithm still has many 
shortcomings compared with PCRLB due to particle degra-
dation, particle sample shortage and other problems. Thus, 
it can be considered to combine other fusion algorithms to 
improve performance.

Fig. 10  Schematic diagram of experimental scene setting
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6  Conclusion

This paper presents a comprehensive study on the perfor-
mance evaluation of IMU/TOA fusion method for locali-
zation in wireless sensor networks. IMU/TOA fusion can 
improve the positioning accuracy with compensating TOA 
multipath effects and overcoming the error accumulation 
problems of IMU. In order to evaluate the positioning 
accuracy under real-world conditions, anchor position 
error, IMU error and TOA error are modeled. Based on 
these models, CRLB and PCRLB in 3-D environment are 
deduced to evaluate positioning accuracy in both spatial 
and temporal level. Finally, CRLB and PCRLB are con-
sidered when different base station topologies are used, as 
well as compared with commonly used localization algo-
rithms. Experimental results show that the effect of anchor 
position error on positioning results cannot be ignored. 
CRLB and PCRLB can be used as benchmarks based on 
IMU/TOA fusion positioning systems and as reference 
lower bounds for performance improvement for localiza-
tion algorithms.
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